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Abstract
This thesis delves into the rich mathematical terrain of the continuum
random trees (CRT) and its intriguing connection to the Brownian map,
with a particular focus on the homeomorphism of the Brownian map
onto the 2-sphere. The study begins by providing a comprehensive
overview of real trees and the continuum random tree, elucidating
their construction and relation to finite discrete trees. As a next step,
the construction of the Brownian map via Brownian motion indexed by
the continuum random tree will be explored. Finally, the homeomor-
phism between the Brownian map and the 2-sphere is uncovered.
Along the road, all the mathematical tools, starting from introduction
of metric spaces and the Gromov-Hausdorff distance, over the rich the-
ory of real trees and their stochastic counterparts, to the discussion of
hyperbolic geodesic laminations and their connection to quotients of
real trees, will be introduced.
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Chapter 1

Metric Spaces and the
Gromov-Hausdorff Distance

1.1 Metric spaces

In this section I introduce the definition and some properties of metric
spaces, which will be useful later on when defining R-trees and discussing
the Brownian map. This section closely follows the book [1].

Definition 1.1 A metric space is a set X together with a map d : X × X → R

called metric such that for all x, y, z ∈ X the following holds.

(i) Positiveness: d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y.

(ii) Symmetry: d(x, y) = d(y, x).

(iii) Triangle inequality: d(x, z) ≤ d(x, y) + d(y, z).

I will denote for any δ > 0 the open ball of radius δ about x ∈ X by

Bδ(x) = {y ∈ X|d(x, y) < δ}.

Moreover, if (X, d) only satisfies (ii),(iii) and

(i’) d(x, y) ≥ 0,

we call X a pseudo-metric space and d a pseudo-metric.

Remark 1.2 It follows quite easily from the properties (i)− (iii) of a metric space
(X, d) that for all x, y, z ∈ X the so-called reverse triangle inequality given by

|d(x, y)− d(y, z)| ≤ d(x, z)

holds.

Now I will give a short proof on why in a metric space (X, d) the mapping
d is a continuous map X × X → R.
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1. Metric Spaces and the Gromov-Hausdorff Distance

Proposition 1.3 Let (X, d) be a metric space. The metric d : X × X → R is
continuous with respect to the product topology on X×X and the standard topology
on R.

Proof Let ε > 0 and (z0, w0) ∈ X × X. For δ = ε
2 set U = Bδ(z0)× Bδ(w0).

For all (z, w) ∈ U it the holds by the triangle and reverse triangle inequality
that

|d(z, w)− d(z0, w0)| ≤ |d(z, w)− d(w, z0)|+ |d(w, z0)− d(z0, w0)|
≤ d(z, z0) + d(w, w0)

< 2δ = ε.

This concludes the proof. □

Of particular interest in this thesis are metric-preserving morphisms be-
tween metric spaces, the so-called isometries.

Definition 1.4 Let (X, dX) and (Y, dY) be metric spaces. A continuous bijection
f : X → Y is called an isometry if for all x, y ∈ X

dY( f (x), f (y)) = d(x, y).

If there exists an isometry X → Y, we call X and Y isometric.

I now give the construction of a metric space starting from a pseudometric
space. This construction will be fundamental in the thesis, when construct-
ing real trees.

Construction 1.5 Let (X, d) be a pseudometric space and define an equivalence
relation ∼ on X as follows:

x ∼ y ⇐⇒ d(x, y) = 0.

Define X := X/∼, the set of equivalence classes, and the map d : X × X → R by
d([x], [y]) = d(x, y). This is clearly well-defined as if ([x], [y]) = ([x′], [y′]), then
d(x, x′) = d(y, y′) = 0. Hence, by the triangle inequality of d, we find

d([x], [y]) = d(x, y)
≤ d(x, x′) + d(x′, y)
≤ d(x′, y′) + d(y′, y)

= d([x′], [y′]).

Similarly, we find that d([x′], [y′]) ≤ d([x], [y]). Thus, d([x′], [y′]) = d([x], [y]).
The positiveness, symmetry, and triangle inequality of d follow directly from the
properties of the pseudometric d. For the definiteness, we note that for all [x], [y] ∈
X

d([x], [y]) = 0 ⇐⇒ d(x, y) = 0
⇐⇒ x ∼ y
⇐⇒ [x] = [y].
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1.1. Metric spaces

This shows that (X, d) is a metric space.

1.1.1 Hausdorff distance and Gromov-Hausdorff distance

An important example of a metric used in this thesis is the so-called Haus-
dorff distance on non-empty compact subsets of a metric space (X, d). For
this example, we first need the following corollary to Proposition 1.3.

Corollary 1.6 Let (X, d) be a metric space and A ⊂ X a non-empty compact
subset. The the map

x ∈ X 7→ d(x, A) := inf{d(x, a) | a ∈ A}

is continuous.

Proof By Proposition 1.3 the metric d is continuous; hence, for any x ∈ X the
map fx : X → R given by fx(y) = d(x, y) is also continuous. By compactness
of A, the continuous map fx attains a minimum on A, i.e., there exists a ∈ A
s.t. d(x, A) = fx(a) = d(x, a). Hence, for every x, y ∈ X we find a, b ∈ A
such that d(x, A) = d(x, a) and d(y, A) = d(y, b), and so

d(y, A) = d(y, b)
≤ d(x, y) + d(x, b).

By taking the infimum on over all b ∈ A we find d(y, A)− d(x, A) ≤ d(x, y).
Similarly, we have d(x, A)− d(y, A) ≤ d(x, y). Thus, we have that

|d(x, A)− d(y, A)| ≤ d(x, y).

So d(·, A) defines a 1-Lipschitz continuous map. In particular, it is continu-
ous. □

Now, I will present the example of the Hausdorff distance.

Example 1.7 Let (X, d) be a metric space. Define for any two non-empty compact
subsets A, B ⊂ X:

dH(A, B) := max{max{d(b, A) | b ∈ B}, max{d(a, B) | a ∈ A}}.

We call dH(A, B) the Hausdorff distance between A and B.

In the next lemma, I prove that the Hausdorff distance dH actually defines a
metric on the set of non-empty compact subsets of a metric space.

Lemma 1.8 Let (X, d) be a metric space. The Hausdorff distance dH as previously
defined in 1.7 defines a metric on the set of non-empty compact subsets of X.

Proof We check for all non-empty compact subsets A, B, C ⊂ X:
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1. Metric Spaces and the Gromov-Hausdorff Distance

(i) Positiveness: By definition d(·, A) ≥ 0 for any nonempty compact
subset A ⊂ X, so that dH(A, B) ≥ 0. Now if dH(A, B) = 0, then we
find d(a, B) = d(b, A) = 0 for all a ∈ A and b ∈ B. Because d(x, A) = 0
if and only if x ∈ A by compactness of A, it follows that A = B. The
converse is trivial.

(ii) Symmetry: By the symmetry of max{·, ·} the symmetry of dH follows.

(iii) Triangle inequality: For all a ∈ A, b ∈ B, c ∈ C we have that

d(a, C) ≤ d(a, c)
≤ d(a, b) + d(b, c).

By taking the infimum over all b ∈ B we find that d(a, C) ≤ d(a, B) +
d(c, B). Similarly, we find d(c, A) ≤ d(a, B) + d(c, B). Hence, by defini-
tion of dH we get

dH(A, C) ≤ dH(A, B) + dH(B, C).

This shows that the set of non-empty compact subsets of X together with
the Hausdorff distance dH define a metric space. □

From this example, we can extract another example of a metric space, the
set of compact metric spaces together with the so-called Gromov-Hausdorff
distance. The following example is derived from definition given in [2].

Example 1.9 For two compact metric spaces (X, dX) and (Y, dY) define

d̃GH(X, Y) := inf

dH(φ(X), ψ(Y))

∣∣∣∣∣∣
φ : X → W, ψ : Y → W
are isometric embeddings
to metric space (W, d)

 .

The positiveness, symmetry, and triangle inequality of d̃GH follow from the proper-
ties of the Hausdorff distance. Define now K to be the set of (isometry) equivalence
classes of compact metric spaces under the equivalence relation on compact metric
spaces defined by

(X, dX) ≈ (Y, dY) ⇐⇒ X and Y are isometric.

Now, define for all equivalence classes [X]≈, [Y]≈ ∈ K the Gromov-Hausdorff
distance by

dGH([X]≈, [Y]≈) := d̃GH(X, Y).

This map is well-defined by the same logic as in the Construction 1.5. Positiveness,
symmetry, and triangle inequality also follow from d̃GH. It remains to shown to be
definite.
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1.1. Metric spaces

Remark 1.10 By abuse of notation, I denote an isometry class [X]≈ ∈ K also by
X for all non-empty compact metric spaces X.

To show that this is actually a metric requires a reformulation. I will follow
Chapter 7 of [1].

Definition 1.11 Let (X, dX) and (Y, dY) be metric spaces and R ⊂ X × Y be a
bisurjective relation1 Define the distortion of R by

disR := sup{
∣∣dX(x, x′)− dY(y, y′)

∣∣ | (x, y), (x′, y′) ∈ R}.

The next proposition provides a link between the Gromov-Hausdorff dis-
tance and distortions.

Proposition 1.12 For any two compact metric spaces (X, dX) and (Y, dY) it holds
that

d̃GH(X, Y) =
1
2

inf
R
(disR),

where the infimum is taken over the set of bisurjective relations of X and Y

Proof Set D = d̃GH(X, Y). Let ε > 0 then there exists a metric space (W, d)
and isometries f : X → W and g : Y → W such that

dH( f (X), g(Y)) < D + ε.

Now define

R := {(x, y) ∈ X × Y | d( f (x), g(y)) < D + ε}.

Since dH( f (X), g(Y)) < D + ε it follows that R is bisurjective relation. Note
now that we have for all (x, y), (x′, y′) ∈ R that∣∣dX(x, x′)− dY(y, y′)

∣∣ = ∣∣d( f (x), f (x′))− d(g(y), g(y′))
∣∣

≤
∣∣d( f (x), f (x′))− d( f (x′), g(y))

∣∣
+
∣∣d( f (x′), g(y))− d(g(y), g(y′))

∣∣
≤ d( f (x), g(y)) + d( f (x′), g(y′))
< 2(D + ε).

By taking supremum and letting ε → 0 we find 1
2 disR ≤ D. In particular

1
2 infR(disR) ≤ D . For the converse inequality, consider any bisurjective
relation R on X ×Y with δ = disR. Define now on the disjoint union X ⊔Y
the following map

d(x, y) = inf
{

dX(x, x′) + dY(y, y′) +
δ

2

∣∣∣∣(x′, y′) ∈ R
}

,

1For any x ∈ X there exists y ∈ Y such that (x, y) ∈ R, and similarly for any y ∈ Y there
exists x ∈ X such that (x, y) ∈ X × Y.
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1. Metric Spaces and the Gromov-Hausdorff Distance

where x ∈ X and y ∈ Y and setting d|X = dX and d|Y = dY. Positiveness,
symmetry, and triangle inequality follow directly from the metrics dX, dY.
Up to taking the quotient by the equivalence relation x ∼ y ⇐⇒ d(x, y) = 0,
we can consider the metric space (X ⊔ Y, d) and the isometric inclusions
X, Y ↪→ X ⊔ Y. Note that for (x, y) ∈ R we have d(x, y) = δ

2 . Then clearly
for all x ∈ X and y ∈ Y it follows that d(x, Y) ≤ d(x, y) ≤ δ

2 and d(y, X) ≤ δ
2 .

Therefore, dH(X, Y) ≤ δ
2 , where we identify X, Y by their isometric images

in X ⊔ Y. Since R was arbitrary it follows that D ≤ 1
2 infR(disR). □

Definition 1.13 Let (X, dX) and (Y, dY) be compact metric spaces and ε > 0. A
map f : X → Y is a ε-isometry if

(i) dis f := sup{|dY( f (x), f (y))− dX(x, y)| |x, y ∈ X} < ε and

(ii) dY(y, f (X)) ≤ ε for all y ∈ Y.

Remark 1.14 Note that for a surjective map f : X → Y we can define a bisurjective
relation R f := {(x, f (x))|x ∈ X}. Then clearly disR = dis f .

Corollary 1.15 Let (X, dX) and (Y, dY) be compact metric spaces and ε > 0.
Then:

(i) If d̃GH(X, Y) < ε, then there exists a 2ε-isometry from X to Y

(ii) If there exists a ε-isometry from X to Y, then d̃GH(X, Y) < 2ε.

Proof (i) Since d̃GH(X, Y) = 1
2 infR(disR) we can choose a bisurjective

relation R between X and Y such that disR < 2ε. By bisurjectivity
for any x ∈ X choose f (x) ∈ Y such that (x, f (x)) ∈ R. Therefore,
f : X → Y is a map with dis f < 2ε by Remark 1.14 and since R f ⊂ R.
For any y ∈ Y pick now x ∈ X such that (x, y) ∈ R. Note now that
because (x, y), (x, f (x)) ∈ R and dX(x, x) = 0, we have

dY(y, f (x)) ≤ disR < 2ε.

Hence, we find that d(y, f (X)) < 2ε, i.e. f is a 2ε-isometry.

(ii) Suppose f : X → Y is a ε-isometry and define

R := {(x, y) ∈ X × Y|dY(y, f (x)) ≤ ε}.

Because d(y, f (X)) ≤ ε, it follows that R is a bisurjective relation. For
any (x, y), (x′, y′) ∈ R we have that∣∣dY(y, y′)− dX(x, x′)

∣∣ ≤ ∣∣dY( f (x), f (x′))− dX(x, x′)
∣∣

+ d(y, f (x)) + d(y′, f (x′))
≤ dis f + ε + ε

≤ 3ε.

□
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1.1. Metric spaces

Hence, we find that disR ≤ 3ε Hence by Proposition 1.12 it follows
that

d̃GH(X, Y) ≤ 3
2

ε < 2ε.

Proposition 1.16 The Gromov-Hausdorff distance dGH on the isometry classes K

of compact metric spaces defines a metric.

Proof By Example 1.9 it suffices to prove that for any compact metric spaces
(X, dX) and (Y, dY) it holds that d̃GH(X, Y) = 0 if and only if X and Y are
isometric. If X and Y are isometric then there exists an isometry f : X → Y
such that f (X) = Y. Then, it follows that by definition of the Gromov-
Hausdorff distance that

d̃GH(X, Y) ≤ dH( f (X), Y) = dH(Y, Y) = 0.

Hence, d̃GH(X, Y) = 0. Conversely, if d̃GH(X, Y) = 0, we have d̃GH(X, Y) <
1

2n for all n ∈ N. Therefore, by Corollary 1.15 for any n ∈ N we find a
1
n -isometry fn : X → Y. Therefore, dis fn → 0 as n → ∞. By compactness,
X admits a countable dense subset2 S = {xm}m∈N. Now, by compactness
of Y, we can extract a convergent subsequence of { fn(x1)}n∈N, denote this
subsequence by { f1,n(x1)}n∈N. Similarly, we can extract a convergent sub-
sequence of { f1,n(x2)}n∈N, which we denote by { f2,n(x2)}n∈N. We the re-
cursively find for each k ∈ N a convergent subsequence { fk,n(xk)}n∈N of
all sequences { f j,n(xj)}n∈N for j < k. Set now f (xj) := limn→∞ f j,n(xj) for
all j ∈ N. Then again { fn,n(xj)}n∈N is a convergent subsequence of all the
sequences before such that limn→∞ fn,n(xj) = f (xj) for any j ∈ N. Up to
restricting to this convergent subseqeunce, we can assume that { fn(x)}n∈N

converges in Y for any x ∈ S. Therefore, we can define a map f : S → Y by
setting f (x) = limn→∞ fn(x) for any x ∈ X. Because we have for any x, y ∈ S

|dY( fn(x), fn(y))− dX(x, y)| ≤ dis fn → 0

as n → ∞, it follows from the continuity of dY that

dY( f (x), f (y)) = lim
n→∞

dY( fn(x), fn(y)) = dX(x, y).

Hence, f : S → Y is isometric embedding. Because S is dense for any x ∈ X
we find a sequence {sn}n∈N in S such that dX(sn, x) → 0 as n → ∞. By the

2This is a direct consequence of compactness: Consider for each n ∈ N the open cover{
B 1

n
(x)
}

x∈X
. Because of the compactness of X, for each n ∈ N there is a finite subset

Sn ⊂ X such that
{

B 1
n
(x)
}

x∈Sn
is a finite subcover of X. Then, the countable union of finite

sets S =
⋃

n∈N Sn is countable. Now, for any x ∈ X and ε > 0 we find n ∈ N and y ∈ Sn
such that 1

n < ε and x ∈ B 1
n
(y). As dX(x, y) < 1

n < ε we have in particular Bε(x) ∩ S ̸= ∅, as
y ∈ S ∩ Bε(x). This shows density.
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1. Metric Spaces and the Gromov-Hausdorff Distance

continuity, we must have that that { f (sn)}n∈N converges in Y. Define now
f̃ (x) = limn→∞ f (sn). This clearly defines a map in f̃ : X → Y. This map
is well-defined because it does not depend on the choice of the sequence
{sn}n∈N in S: Picking another sequence {tn}n∈N in S such that dX(tn, x) → 0
as n → ∞ gives us that as n → ∞

dY( f (tn), f (sn)) = dX(tn, sn)

≤ dX(tn, x) + dX(sn, x) → 0.

If now x, y ∈ X we can choose sequences {sn}n∈N and {tn}n∈N in S such
that dX(sn, x), dX(tn, y) → 0 as n → ∞ and obtain by continuity of a metric
that

dY( f̃ (x), f̃ (y)) = lim
n→∞

dY( f (sn), f (tn))

= lim
n→∞

dX(sn, tn)

= dX(x, y).

This shows that f̃ : X → Y is an isometric embedding. Similarly, by ex-
changing the roles of X and Y in the above argument, we can construct an
isometric embedding g̃ : Y → X. Then both g̃ ◦ f̃ : X → X and f̃ ◦ g̃ : Y → Y
must be isometric embeddings. Thus, it follows that also f̃ : X → Y must be
bijective and therefore is an isometry. □
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Chapter 2

The Continuum Random Tree

2.1 Real trees

This section introduces the concept of an R-tree and will follow both [3], [4]
and [2]. For this section, I will fix some notation. Given a metric space
(X, d), positive real numbers a, b ∈ R and continuous maps f : [0, a] → X
and g : [0, b] → X with f (a) = g(0) I will denote the concatenation f and g
by the map f ∗ g : [0, a + b] → X defined by

f ∗ g(t) =

{
f (t) , t ∈ [0, a]
g(t − a) , t ∈ [a, a + b].

By the gluing lemma1 is again a continuous map. Also I will denote for any
s, t ∈ R: s ∧ t = min{s, t} and s ∨ t = max{s, t}.

Definition 2.1 A R-metric space (T , d) is called an R-tree if the following two
properties hold for any two elements σ, σ′ ∈ T .

(T1) There is a unique continuous isometry fσ,σ′ : [0, d(σ, σ′)] → T such that
fσ,σ′(0) = σ and fσ,σ′(d(σ, σ′)) = σ′.

(T2) If q : [0, 1] → T is a continuous injection such that q(0) = σ and q(1) = σ′

then q([0, 1]) = fσ,σ′([0, d(σ, σ′)]).

Given points σ, σ′ ∈ T I denote the Jσ, σ′K := fσ,σ′([0, d(σ, σ′)]) and call it sege-
ment from σ to σ′. A R-tree (T , d) is called a rooted R-tree if there is a distin-
guished element ρ ∈ T , the so-called root. For the root ρ ∈ T we call σ ∈ T the
segment Jρ, σK the ancestral line of σ. For σ, σ′ we write σ ≼ σ′ if σ ∈ Jρ, σ′K and
say σ is ancestor of σ′.

1For a topological space X with a finite closed cover (Ai)i∈I and a family of continuous
maps { fi : Ai → Y}i∈I such that fi|Ai∩Aj = f j|Ai∩Aj for all i, j ∈ I it holds that the map
f : X → Y defined by f |Ai = fi, i ∈ I, defines a continuous map.

9



2. The Continuum Random Tree

Remark 2.2 We will only be considering compact R-trees, i.e., whose underlying
metric space is a compact metric space. This will make things easier, as in a compact
metric space (T , d) the map d : T × T → R is in fact a bounded map. Therefore,
this ensures that points in a compact R-tree will not be arbitrarily far apart. A little
be more informally, a compact R-tree (T , d) can be thought of as the union

T =
⋃

(σ,σ′)∈T ×T
fσ,σ′([0, d(σ, σ′)]),

which can be thought of as a very densely branched tree, where for any two points
σ, σ′ ∈ T we can follow the unique branch fσ,σ′([0, d(σ, σ0)]) from σ to σ′, which
has finite length determined by the metric d.

I state and prove now some properties of real trees.

Proposition 2.3 Let (T , d) be R-tree. Then the, following properties hold.

(i) If σ, σ′ ∈ T and η, ζ ∈ Jσ, σ′K, then Jη, ζK ⊆ Jσ, σ′K and for any t ∈
[0, d(η, ζ)]

fη,ζ(t) = fσ,σ′(d(σ, η) + t).

(ii) For any σ, σ′ ∈ T it holds that

Jσ, σ′K = {η ∈ T |d(σ, σ′) = d(σ, η) + d(η, σ′)}.

(iii) If σ, σ′ ∈ T and η, ζ ∈ Jσ, σ′K with η ∈ Jσ, ζK, then ζ ∈ Jη, σ′K.

(iv) For any σ, σ′, σ′′ ∈ T define

∆(σ, σ′, σ′′) := max{t ∈ [0, d(σ, σ′) ∧ d(σ, σ′′)]| fσ,σ′(t) = fσ,σ′′(t)}

γ(σ, σ′, σ′′) = fσ,σ′(∆(σ, σ′, σ′′)) = fσ,σ′′(∆(σ, σ′, σ′′)) ∈ Jσ, σ′K∩ Jσ, σ′′K.

Then, it holds that

{t ∈ [0, d(σ, σ′) ∧ d(σ, σ′′)]| fσ,σ′(t) = fσ,σ′′(t)} = [0, ∆(σ, σ′, σ′′)]

and
Jσ, σ′K∩ Jσ, σ′′K = Jσ, γ(σ, σ′, σ′′)K.

(v) If T is rooted with root ρ ∈ T , then we find that for any σ, σ′ ∈ T

σ ≼ σ′ ⇐⇒ d(σ, σ′) = d(ρ, σ′)− d(ρ, σ).

Proof (i) Withouth loss of generality, assume that d(σ, η) ≤ d(σ, ζ) (the
argument is symmetric). Since fσ,σ′ is an isometry with fσ,σ′(0) = σ, we
find that η = fσ,σ′(d(σ, η)) and ζ = fσ,σ′(d(σ, ζ)). Note that d(η, ζ) =
|d(σ, η)− d(σ, ζ)| = d(σ, ζ)− d(σ, η). Now define for t ∈ [0, d(η, ζ)]

φ(t) := fσ,σ′(d(σ, η) + t).

Therefore, φ is an isometry with φ(0) = η and φ(d(η, ζ)) = ζ, so
φ = fη,ζ . The result follows.

10



2.1. Real trees

(ii) If η ∈ Jσ, σ′K then η = fσ,σ′(t) for some t ∈ [0, d(σ, σ′)]. Since fσ,σ′ is an
isometry, we have d(σ, η) = t a d(η, σ′) = d(σ, σ′)− t and hence

d(σ, η) + d(η, σ′) = t + d(σ, σ′)− t = d(σ, σ′).

Conversely, suppose that η ∈ T such that d(σ, η) + d(η, σ′) = d(σ, σ′).
Now define φ : [0, d(σ, σ′)] → T by φ = fσ,η ∗ fη,σ′ . Then φ is a
continuous map with φ(0) = σ and φ(d(σ, σ′)) = σ′. Moreover, φ
is an isometry if restricted to [0, d(σ, η)] and [d(σ, η), d(σ, σ′)]. Using
the triangle inequality for s ∈ [0, d(σ, η)] and t ∈ [d(σ, η), d(σ, σ′)] it
follows that

d(φ(s), φ(t)) ≤ d(φ(s), φ(d(σ, η))) + d(φ(d(σ, η)), φ(t))
= (d(σ, η)− s) + (t − d(σ, η))

= t − s.

Assume now that in the above, we have strict inequality d(φ(s), φ(t)) <
t − s for some s ≤ in [0, d(σ, σ′)]. Then, we would have, again employ-
ing the triangle inequality:

d(σ, σ′) = d(σ, φ(s)) + d(φ(s), φ(t)) + d(φ(t), σ′)

= s + d(φ(s), φ(t)) + d(σ, σ′)− t
< s + (t − s) + d(σ, σ′)− t
= d(σ, σ′).

This is a contradiction; therefore it follows that φ is an isometry and by
uniqueness (T1) we must have φ = fσ,σ′ . Thus, η fσ,σ′(d(σ, η)) ∈ Jσ, σ′K.

(iii) Since η ∈ Jσ, ζK, we must that d(σ, η) ≤ d(σ, ζ). Thus, by (ii), it follows
that

d(σ′, ζ) = d(σ, σ′)− d(σ, ζ) ≤ d(σ, σ′)− d(σ, η) = d(σ, η).

Thus, by (i), we must have

ζ = fσ′,σ(d(σ′, ζ)) = fσ′,η(d(σ′, ζ)) ∈ Jσ′, ηK.

(iv) Define

J = {t ∈ [0, d(σ, σ′) ∧ d(σ, σ′′)]| fσ,σ′(t) = fσ,σ′′(t)}.

Then, we have ∆(σ, σ′, σ′′) = max J. If t ∈ J, let η := fσ,σ′(t) ∈
Jσ, σ′K∩ Jσ, σ′′K, then by (i) it follows that Jσ, ηK ⊆ Jσ, σ′K∩ Jσ, σ′′K. For
0 ≤ s ≤ t we deduce

fσ,σ′(s) = fσ,η(s − d(σ, η)) = fσ,σ′′(s).

11



2. The Continuum Random Tree

That is [0, t] ⊆ J for all t ∈ J. Therefore, J must be an interval and
since it is closed, it must contain its maximum ∆(σ, σ′, σ′′). Moreover,
we have that

Jσ, σ′K∩ Jσ, σ′′K = { fσ,σ′(t)|t ∈ J}
= Jσ, γ(σ, σ′, σ′′)K.

(v) We have the following chain of equivalences for σ, σ′ ∈ T :

σ ≼ σ′ ⇐⇒ σ ∈ Jρ, σ′K
(ii)⇐⇒ d(ρ, σ′)− d(ρ, σ) = d(σ, σ′)

This concludes the proof of the properties of real trees. □

Remark 2.4 Note that the proof of Proposition 2.3 only used Property (T1) of Def-
inition 2.1. Therefore, it holds for any metric space satisfying (T1).

From Proposition 2.3 we get one more definition.

Definition 2.5 Let (T , d) be a rooted R-tree with root ρ ∈ T . Then by Proposition
2.3 (iv), for any σ, σ′ ∈ T there is a unique η = γ{ρ, σ, σ} ∈ T such that
Jρ, σK∩ Jρ, σ′K = Jρ, ηK. We write η = σ∧ σ′ and call η the most recent common
ancestor of σ and σ′.

Remark 2.6 Definition 2.5 can be thought of as the minimum function on the
partially ordered set (T ,≼), in analogy to the minimum function on e.g. the natural
numbers N or the real numbers R.

2.1.1 Construction of R-trees

In this subsection, I will describe how to construct an R-tree from a given
nonnegative continuous function. In fact, I will describe a continuous and
Borel measurable map from the space of continuous nonnegative maps [0, 1] →
R vanishing at 0 and 1 to the space of compact rooted R-trees.

Construction 2.7 Let g : [0, 1] → R be a non-negative continuous map such that
g(0) = g(1) = 0. Then, set for any s, t ∈ [0, 1]

mg(s, t) := inf
r∈[s∧t,s∨t]

g(r)

and
dg(s, t) := g(s) + g(t)− 2mg(s, t).

By definition, we have g(s), g(t) ≥ mg(s) and so for any s, t ∈ [0, 1] it holds that
dg(s, t) ≥ 0. Clearly, dg is symmetric in s and t. Now consider, without loss of

12



2.1. Real trees

generality, s, t, u, v ∈ [0, 1] such that s ≤ t ≤ u ≤ v. Then, we have the following
set of inclusions of intervals:

[s, t], [t, u] ⊆ [s, u] ⊆ [s, v]

and
[t, u], [u, v] ⊆ [t, v] ⊆ [s, v].

This in turn yields the following inequalities:

mg(s, v) ≤ mg(s, u) ≤ mg(s, t), mg(t, u)

and
mg(s, v) ≤ mg(t, v) ≤ mg(t, u), mg(u, v).

Then, it clearly follows that

dg(s, t) + dg(u, v) = g(s) + g(t)− 2mg(s, t) + g(u) + g(v)− 2mg(u, v)
≤ g(s) + g(u)− 2mg(s, u) + g(t) + g(v)− 2mg(t, v)
≤ (dg(s, u) + dg(t, v)) ∨ (dg(t, u) + dg(s, v)).

This shows that for any s, t, u, v ∈ [0, 1] the four-point property holds, i.e.

dg(s, t) + dg(u, v) ≤ (dg(s, u) + dg(t, v)) ∨ (dg(t, u) + dg(s, v)).

By choosing u = v, we obtain the triangle inequality for dg. So dg defines a
pseudometric. By Construction 1.5, we can introduce the following equivalence
relation on [0, 1]

s ∼g t ⇐⇒ dg(s, t) = 0

and have that Tg = [0,1]/∼g together with dg([s], [t]) = dg(s, t) is a compact metric2.
Denote further pg : [0, 1] → Tg the canonical projection. Moreover, we call ρ =
pg(0) = pg(1) the root of Tg.

The next theorem establishes that (Tg, dg) actually defines a rooted R-tree.
The proof of this result follows [3].

Theorem 2.8 The metric space (Tg, dg) is a compact R-tree with root ρ = pg(0) =
pg(1).

Before I give the quite lengthy proof of Theorem 2.8, I will show in the next
lemma that we can always isometrically change the root of our constructed
tree.

2It is compact since [0, 1] is compact.
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Lemma 2.9 Let s0 ∈ [0, 1). For any r ∈ R denote r ∈ [0, 1) the fractional part of
r, i.e. r − r ∈ Z. Define now for any the continuous map f : [0, 1] → R by

f (s) = g(s0) + g(s0 + s)− 2mg(s0, s0 + s)

for every s ∈ [0, 1]. Then f is continuous, non-negative, and satisfies f (0) =
f (1) = 0, such that we can define as in 2.7 the compact metric space (T f , d f ).
Moreover, the metric d f is given by

d f ([s], [t]) = dg([s0 + s], [s0 + t]),

and there exists a unique isometry R : T f → Tg such that for every s ∈ [0, 1] it
holds that

R(p f (s)) = pg(s0 + s).

This lemma establishes that up to isometry we can choose any s0 ∈ [0, 1] to
be the root of our tree.

Proof f is non-negative and continuous because g is nonnegative and con-
tinuous and taking fractional part is continuous. Since s0 + n = s0 for all
n ∈ Z it follows that f (0) = f (1) = 0. We now consinder the following
cases for w.l.o.g. s ≤ t ∈ [0, 1].

(1) Assume that s, t ∈ [0, 1 − s0). Note that then for all r ∈ [s, t] we have
that s0 + r = s0 + r. Here we again have two subcases:

(1a) First assume that mg(s0, s0 + s) ≤ mg(s0 + s, s0 + t), then we have
the following inequalities for any r ∈ [s, t]

mg(s0, s0 + t) ≤ mg(s0, s0 + r)
≤ mg(s0, s0 + s)
≤ mg(s0 + s, s0 + t).

Clearly, we have must have that mg(s0 + s, s0 + t) = mg(s0, s0 + t)
and thus mg(s0, s0 + r) = mg(s0, s0 + s) = mg(s0, s0 + t). Then it
follows that:

m f (s, t) = inf
r∈[s,t]

(g(s0) + g(s0 + r)− 2mg(s0, s0 + r))

= g(s0) + mg(s0 + s, s0 + t)− 2mg(s0, s0 + s).

Thus, we can compute

d f ([s], [t]) = f (s) + f (t)− 2m f (s, t)

= g(s0 + s)− 2mg(s0, s0 + s)
+ g(s0 + t)− 2mg(s0, s0 + t)
− 2(mg(s0 + s, s0 + t)− 2mg(s0, s0 + s))

= dg([s0 + s], [s0 + t]).
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(1b) Now assume that mg(s0, s0 + s) > mg(s0 + s, s0 + t). Denote now

r1 := inf{r ∈ [s, t]|g(s0 + r) = mg(s0, s0 + s)}.

First note that mg(s0, s0 + r1) = mg(s0, s0 + s). Then for r ∈ [s, t],
we have

g(s0 + r)− 2mg(s0, s0 + r) ≥ −mg(s0, s0 + r).

Thus if r ≤ r1 as mg(s0, s0 + r) ≤ mg(s0, s0 + s) we find

g(s0 + r)− 2mg(s0, s0 + r) ≥ −mg(s0, s0 + s).

Similarly, for r ≥ r1 we have mg(s0, s0 + r1) ≥ mg(s0, s0 + r) and
so

g(s0 + r)− 2mg(s0, s0 + r) ≥ −mg(s0, s0 + s).

And as

g(s0 + r)− 2mg(s0, s0 + r) = −mg(s0, s0 + s),

m f (s, t) is attained at r1, i.e.

m f (s, t) = g(s0)− mg(s0, s0 + s).

Then, we can compute

d f ([s], [t]) = g(s0 + s)− 2mg(s0, s0 + s)

+ g(s0 + t)− 2mg(s0, s0 + t)
+ 2mg(s0, s0 + s)

= dg([s0 + s], [s0 + t]).

In the last line, we used

mg(s0, s0 + t) ≤ mg(s0 + s, s0 + t) < mg(s0, s0 + s),

and therefore mg(s0, s0 + t) = mg(s0 + s, s0 + t).

(2) If s ∈ [1 − s0, 1] or t ∈ [1 − s0, 1] we note that

s0 + s = s0 + s − 1 ∈ [0, 1 − s0) and s0 + t = s0 + t − 1 ∈ [0, 1 − s0).

Suppose without loss of generality that s ∈ [1 − s0, 1] and so s0 + s =
s0 + s − 1, then we make the same distinctions as in (1a) and (1b) up
to replacing s0 + s by s0 + s − 1, which then yields the same result.
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Therefore, in any case, we have shown that

d f ([s], [t]) = dg([s0 + s], [s0 + t]). (∗)

By this, we can deduce for any s, t ∈ [0, 1], that d f ([s], [t]) = 0 if and only if
dg([s0 + s], [s0 + t]) = 0 and so pg(s0 + s) = pg(s0 + t). That is, the equiva-
lence classes of T f and Tg are in a one-to-one correspondence defined by

R : T f → Tg; [s] 7→ [s0 + s].

The map R is well-defined by the identity (∗), we have shown above. More-
over, by the identity (∗) we see immediately that R defines an isometry
T f → Tg and satisfies by definition for every s ∈ [0, 1]

R(p f (s)) = pg(s0 + s).

This concludes the proof. □

Before turning to the proof of Theorem 2.8 I will make some preliminary
lemmas.

Lemma 2.10 Consider the metric space (Tg, dg) with ρ = pg(0) = pg(1). Then
consider in analogy to Definition 2.1, Proposition 2.3 and Definition 2.5 the follow-
ing

(i) For σ, σ′ ∈ T set σ ≼ σ′ if and only if dg(σ, σ′) = dg(ρ, σ′) − dg(ρ, σ).
Then, if σ = pg(s) and σ′ = pg(t) it holds that

σ ≼ σ ⇐⇒ g(s) = mg(s, t).

This defines a partial order3 on Tg. In particular, if Theorem 2.8 is true ≼ is
exactly the ancestral relation given in Definition 2.1 by Proposition 2.3 (v).

(ii) In consistency with Proposition 2.3 define for σ, σ′ ∈ T the set

Jσ, σ′K := {η ∈ Tg|dg(σ, σ′) = dg(σ, η) + dg(η, σ′)}.

Now if σ = pg(s) and σ′ = pg(t), then

Jρ, σK∩ Jρ, σ′K = Jρ, ηK

where η = pg(r) for any r ∈ [0, 1] such that g(r) = mg(s, t). We denote
such η ∈ T by η = σ ∧ σ′.

(iii) We define the children of σ ∈ Tg by

Tg[σ] := {σ′ ∈ Tg|σ ≼ σ′}.

If Tg[σ] ̸= {σ} and σ ̸= ρ, then Tg \ Tg[σ] and Tg[σ] \ {σ} are non-empty
disjoint open sets.

3≼ is reflexive and antisymmetric by the positive definiteness of dg and transitive by the
triangle inequality of dg.
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Proof (i) We note first that for any r ∈ [0, 1] it holds that mg(r, 0) = 0 as
g is non-negative and g(0) = 0. So since ρ = pg(0) we find that for
any τ = pg(r) ∈ Tg it holds that dg(τ, ρ) = g(r). Hence, we obtain the
following equivalences for σ = pg(s) and σ′ = pg(t):

σ ≼ σ′ ⇐⇒ dg(σ, σ′) = dg(ρ, σ′)− dg(ρ, σ)

⇐⇒ g(s) + g(t)− 2mg(s, t) = g(t)− g(s)
⇐⇒ 2g(s) = 2mg(s, t)
⇐⇒ g(s) = mg(s, t)

(ii) For this I direct the reader to (iv) in the proof of Lemma 2.3.

(iii) Let s ∈ [0, 1] such that σ = pg(s) and note that Tg[σ] is the image
of the compact set {u ∈ [0, 1]|mg(s, u) = g(s)} under the continuous
map pg. Hence, Tg \ Tg[σ] is open. Now for σ′ ∈ Tg[σ] \ {σ} consider
the open ball Br(σ′) with radius r = dg(σ, σ′). Then it holds for all
η = pg(u) ∈ Br(σ′) that

dg(σ
′, η) < r =⇒ g(u) + g(s) < mg(u, t)

=⇒ mg(s, u) < mg(u, t)
σ≼σ′
=⇒ mg(s, u) = mg(s, t) = g(s)
=⇒ σ ≼ η.

Hence, it follows that Br(σ′) ⊆ Tg[σ] \ {σ}. This shows that Tg[σ] \ {σ}
is open. □

Using Lemma 2.10 and Lemma 2.9 we are now equipped to prove Theorem
2.8.

Proof First, we prove property (T1) of Definition 2.1 of R-trees. Let σ, σ′ ∈
Tg. By Lemma 2.9, we can assume up to isometry that σ′ = ρ = pg(0).
To show is that there is a unique isometry f : [0, dg(ρ, σ)] → Tg such that
f (0) = ρ and f (dg(ρ, σ)) = σ. Now , select representative s ∈ p−1

g ({σ}), so
that g(s) = dg(ρ, σ). Then for any a ∈ [0, dg(ρ, σ)] we define

ω(a) := inf{r ∈ [0, s]|mg(r, s) = a}.

Therefore, g(ω(a)) = a. Set now f (a) := pg(ω(a)). We have that f (0) = 0
and f (dg(ρ, σ)) = σ, since g(s) = dg(ρ, σ) we find

mg(ω(g(s)), s) = g(s) =⇒ dg(ω(g(s), s), s) = 0
=⇒ f (dg(ρ, σ)) = pg(ω(g(s))) = pg(s) = σ

We now verify that f is an isometry: Suppose a, b ∈ [0, dg(ρ, σ)] with a ≤ b,
the we obtain

mg(ω(a), ω(b)) = a,
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and so we get

dg( f (a), f (b)) = g(ω(a)) + g(ω(b))− 2a = a + b − 2a = b − a.

This proves that f is an isometry. Now, we turn our attention to the unique-
ness of f . Suppose f̃ : [0, dg(ρ, σ)] → Tg another isometry such that f̃ (0) = ρ

and f̃ (dg(ρ, σ)). Then, for any a ∈ [0, dg(ρ, σ)] we find

dg( f̃ (a), σ) = dg(ρ, σ)− a

= dg(ρ, σ)− dg(ρ, f̃ (a)).

Hence, by the Lemma 2.10 we have that f̃ (a) ≼ σ. We have σ = pg(s)
and f̃ (a) = pg(t) for some t ∈ [0, 1], then by Lemma 2.10 (i) we have that
g(t) = mg(t, s) and g(t) = dg(ρ, pg(t)) = a. Then we have that

a = g(t) = g(ω(a)) = mg(ω(a), t).

Thus, it follows that

dg(t, ω(a)) = g(t) + g(ω(a))− 2mg(t, ω(a))
= a + a − 2a
= 0.

Therefore, it must follow that f̃ (a) = pg(t) = pg(ω(a)) = f (a). Hence, f̃ =
f . We have already seen in the argument above for uniqueness that for any
a ∈ [0, dg(ρ, σ)] we have that f (a) ≼ σ. Hence, f ([0, dg(ρ, σ)]) ⊆ Jρ, σK. On
the other hand, if η ≼ σ, then by the argument above we get η = f (dg(ρ, η)).
Hence, f ([0, dg(ρ, σ)]) = Jρ, σK.
Now, we prove the property (T2) of Definition 2.1. Fix a continuous injection
q : [0, 1] → Tg. Up to isometry by Lemma 2.9 we can assume that q(0) = ρ
and q(1) = σ. From the first part of the proof, we have fρ,σ([0, dg(ρ, σ)]) =
Jρ, σK. Suppose now there is η ∈ Jρ, σK \ q([0, 1]). In particular, we have that
η ̸= ρ, σ. Now consider the non-empty disjoint open sets A = Tg \ Tg[η]
and B = Tg[η] \ {η}. Then q([0, 1]) ⊆ A ∪ B and q(0) = ρ ∈ A and q(1) =
σ ∈ B. This is a contradition, because q([0, 1]) is connected. This shows
that q([0, 1]) ⊆ Jρ, σK. Conversely, suppose there is a ∈ (0, 1) such that
q(a) /∈ Jρ, σK. Set η = q(a) and choose ζ = σ ∧ η. By definition, we have
ζ = σ ∧ η ∈ Jρ, ηK ∩ Jη, σK and hence, from the first part of the proof of (T2),
we must have ζ ∈ q([0, a]) as ζ ∈ Jρ, ηK and up to changing the root ρ with
σ we also ζ ∈ q([a, 1]). Then, we would have ζ = q(a) = η. □

This shows that (Tg, dg) is a compact rooted R-tree with root ρ = pg(0) =
pg(1) for any continuous non-negative map g : [0, 1] → R such that g(0) =
g(1) = 0. Define now T to be the space of the isometry classes of compact
rooted R-trees. This is a metric subspace of the space K of isometry classes
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of compact metric spaces and is therefore equipped with Gromov-Hausdorff
distance dGH. We recall that for compact metric spaces (X, dX) and (Y, dY)
we have that

dGH(X, Y) =
1
2

inf
R

disR,

by Proposition 1.12, where the infimum is taken over the set of bisurjective
relations R on X × Y and disR is the distortion of R, i.e.

disR := sup{
∣∣dX(x, x′)− dY(y, y′)

∣∣ | (x, y), (x′, y′) ∈ R}.

Denote in the following (C([0, 1]), d∞) the metric space of non-negative con-
tinuous functions g : [0, 1] → R such that g(0) = g(1) = 0 together with the
supremum metric given by

d∞( f , g) = sup
t∈[0,1]

| f (t)− g(t)| .

In the next theorem, we will consider the following map:

T• : C([0, 1]) → T; g 7→ Tg.

This is clearly a well-defined map, since Tg is an R-tree by Theorem 2.8. The
next theorem establishes that the map T• is a continuous map and therefore,
in particular, Borel measurable.

Theorem 2.11 For all f , g ∈ C([0, 1]) it holds that

dGH(T f , Tg) ≤ 2d∞( f , g).

Proof We construct the following bisurjective relation between T f and Tg:

R = {(σ, σ′) ∈ T f × Tg|∃t ∈ [0, 1] : σ = p f (t), σ′ = pg(t)}.

One can easily see that this is actually is a bisurjective relation: Since p f :
[0, 1] → T f is surjective for any σ ∈ T f we find t ∈ [0, 1] such that σ = p f (t).
Since pg : [0, 1] → Tg is a function, we have σ′ = pg(t) ∈ Tg such that
(σ, σ′) ∈ R. By the same reasoning, for any σ′ ∈ Tg we find σ ∈ T f such that
(σ, σ′) ∈ R.
Fix (σ, σ′), (η, η′) ∈ R. By definition of R there are some s, t ∈ [0, 1] such
that p f (s) = σ, pg(s) = σ′, p f (t) = η and pg(t) = η′. Then we have that

d f (σ, η) = f (s) + f (t)− 2m f (s, t)

and
dg(σ

′, η′) = g(s) + g(t)− 2mg(s, t).

Now, let r, r′ ∈ [s ∧ t, s ∨ t] such that

f (r) = m f (s, t) and g(r′) = mg(s, t).
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Then for u ∈ {r, r′} we find∣∣d f (σ, η)− dg(σ
′, η′)

∣∣ = ∣∣( f (s)− g(s)) + ( f (t)− g(t)) + 2(g(r′)− f (r))
∣∣

≤ | f (s)− g(s)|+ | f (t)− g(t)|+ 2 |g(u)− f (u)|
≤ 4d∞( f , g).

This shows that disR ≤ 4d∞( f , g). By Proposition 1.12 we then find that

dGH(T f , Tg) =
1
2

inf
R

disR ≤ 2d∞( f , g).

Therefore, the map T• is 2-Lipschitz continuous and in particular continu-
ous. □

This concludes the construction of the coding of R-trees.

2.2 Stochastic processes, Brownian motion, and Brow-
nian excursion

Because the map
g ∈ C([0, 1]) 7→ Tg ∈ T

is a continuous map by Theorem 2.11, it is particularyly Borel measurable
with respect to Borel σ-algebras on the metric spaces (C([0, 1]), d∞) and
(T, dGH). This enables us to introduce probability into the equation. That
is, we can consider a continuous stochastic process X = (Xt)t∈[0,1] with X0 =
X1 = 0 almost surely and the consider the random tree TX. In this section,
we introduce the theory of stochastic processes used for this, starting with
the definition of a stochastic process. We will follow Chapters I of [5]. This
section will lack proofs, as this will go beyond the focus of this thesis. It
should mainly provide the ideas and definitions of the probability theory
used in this thesis. The constructions given in this section should be taken
with a grain of salt as they should all be treated with care in their own right
(where I direct the reader to [5]).

Definition 2.12 Let (E, d) be a metric space. A continuous stochastic process
with values in E for us will be a family X = {Xt}t≥0 of measurable maps Xt from
a probability space (Ω,F , P) to (E,B(E)), where B(E) is the Borel σ-algebra on E,
such that for almost every4 ω ∈ Ω the map

X•(ω) : t ∈ [0, ∞) 7→ Xt(ω) ∈ E
4We say a property A holds for almost every ω ∈ Ω if

P({ω ∈ Ω | A does not hold for ω}) = 0.
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is continuous. We may consider a continuous stochastic process X also as a measur-
able map

X : (Ω,F , P) → (C0([0, ∞), E),B(C0([0, ∞), E))); ω 7→ X•(ω),

where C0([0, ∞), E) is the metric space of continuous maps [0, ∞) → E (with
supremum metric d∞) and B(C0([0, ∞), E))) the respective Borel σ-algebra.

Notation 2.13 For the remainder of this chapter, we fix a probability space (Ω,F , P)
together with a filtration F of the σ-algebra F . I will refer to real-valued measur-
able maps defined on (Ω,F , P) as random variables. To measurable maps on
(Ω,F , P) with values in a metric space (E, d) (or in fact any measurable space), I
will refer to as E-valued random variables.

Equipped with this definition, we may define the most important continuous
stochastic process, the so-called Brownian motion. First, we define the notion
of a Gaussian random variable and process.

Definition 2.14 A Gaussian random variable is a (continuous) random variable
Y : (Ω,F , P) → (R,B(R)) such that there exists µ ∈ R and σ > 0 and X has
the probability density

φµ,σ(x) :=
1√

2πσ2
exp

(
−1

2

(
x − µ

σ

)2
)

.

We now write X ∼ N (µ, σ2). One calls µ its mean and σ resp. σ2 its standard
deviation resp. its variance. A Gaussian process is a continuous stochastic
process X = {Xt}t≥0 on (Ω,F , P) such that

∀n ∈ N∀0 ≤ t1 ≤ · · · ≤ tn∀(λ1, · · · , λn) ∈ Rn :
n

∑
i=1

λiXti is a Gaussian random variable.

Now, Brownian motion is a special stochastic process, whose increments are
independent5 Gaussian random variables.

Definition 2.15 A (1-dimensional) Brownian motion is a continuous R-valued
proces B = {Bt}t≥0 such that these properties are satisfied:

5Recall for metric space (E, d) that two E-valued random variables Y and Z on (Ω,F , P)
are called independent if the σ-algebas σ(Y) and σ(Z) generated by Y and Z (i.e. the smallest
σ-algebras for which Y resp. Z are measurable) are independent, that is

∀(A, B) ∈ σ(Y)× σ(Z) : P(A ∩ B) = P(A)P(B).
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2. The Continuum Random Tree

(B1) B has independent increments, i.e., for any n ∈ N and sequence t0 =
0 < t1 < · · · < tn the random variables Bti − Bti−1 , i = 1, · · · , n, are
independent5.

(B2) For all 0 ≤ s < t the random variables Bt − Bs is a Gaussian random vari-
ables with mean 0 and variance t − s, i.e. Bt − Bs ∼ N (0, t − s).

One might ask, is this definition justified? Does such a stochastic process
even exist? This is in fact a valid question. However, as the answer warrants
an exposition on its own and is only tangentially of interest in this thesis, I
will only give the idea of the construction direct the interested reader to [6].

Construction 2.16 Here, I will give the construction I will give the construction
using the Daniell-Kolmogorov theorem (1919) as adapted from [6]: Consider a fam-
ily {(Ωi,Fi)}i∈I of measurable spaces and the set E(I) of finite subsets of I and for
any finite subset J ⊆ I a probability measure PJ on themeasurable space

(ΩJ ,F J) :=

∏
j∈J

Ωj,
⊗
j∈J

Fj

 ,

such that for the projections π J
K : ΩJ → ΩK for K ⊆ J it holds that for any K ⊆ J:

QK = QJ ◦ (π J
K)

−1.

Then, the family {PJ}J∈E(J) is called consistent. The Daniell-Kolmogorov theorem
states that

Theorem 2.17 (Daniell-Kolmogorov) If {QJ}J∈E(I) is a consistent family of
probability measures, then there exists a unique probability measure P on the mea-
surable space

(Ω,F ) =

(
∏
i∈I

Ωi,
⊗
i∈I

Fi

)
such that for any J ∈ E(I) it holds that

PJ = P ◦ (π I
J)

−1.

To construct Brownian motion, we use this theorem and show that on the measurable
space

(Ω,F ) = (R[0,∞),B(R[0,∞))) =

 ∏
t∈[0,∞)R

,
⊗

t∈[0,∞)

B(R)


there exists a unique probability measure P such that the canonical process B defined
by

Bt(ω) = ω(t) = π
[0,∞)
{t} (ω), ω ∈ Ω, t ≥ 0
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2.2. Stochastic processes, Brownian motion, and Brownian excursion

is Brownian motion according to Definition 2.15. For this, let I = [0, ∞) and define
for any finite subset J = {0 = t0 < t1 < · · · < tn} ⊆ I the probability measure PJ
on (Rn,B(Rn)) by

PJ(A) =
∫

A

n

∏
i=1

φ0,ti−ti−1(xi)dµ(x), A ∈ B(Rn),

where φ0,ti−ti−1 is probability density of N (0, ti, ti−1) and µ the Lebesgue measure
on Rn. One can check that the family {PJ}J∈E(I) is consistent, so by Theorem 2.17
there exists a probability measure P on (Ω,F ), such that PJ = P ◦ (π I

J)
−1. In

particular, for any t ≥ 0 and A ∈ B(R) we have that

P(Bt ∈ A) = P ◦
(

π
[0,∞)
{t}

)−1
(A) = P{t}(A),

that is Bt ∼ N (0, t). One can now show that the process B together with the
probability measure satisfies (B1) and (B2) of Definition 2.15 and is (up to showing
continuity) a Brownian motion.

This concludes the discussion about Brownian motion. To continue on to
the construction and properties of the continuum random tree one key piece
of probability theory, which remains to be introduced, is the excursion process
of Brownian motion. Here I will give the construction and definition given
in [7], which I notationally slightly adapted.

Construction 2.18 Let B be a Brownian motion and define for the stopping times6

τ−(ω) = sup{t ∈ [0, 1]|Bt(ω) = 0}
τ+(ω) = inf{t ≥ 1|Bt(ω) = 0}.

Then, we defines the process e = {et}t∈[0,1] by

et(ω) := (τ+ − τ−)
− 1

2

∣∣∣B(1−t)τ−(ω)+tτ+(ω)(ω)
∣∣∣ .

This can be shown to be the Brownian motion B conditioned to be positive on [0, 1]
(for this consult the theory explained in Chapter XII of [5] on excursion processes).

Construction 2.18 leads to the following definition.

Definition 2.19 For a Brownian motion B, the continuous process e = {et}t∈[0,1]
defined in Construction 2.18 is called Brownian excursion.

6A stopping time τ is a [0, ∞)-valued random variable on (Ω,F , P) with filtration F such
that for any t ≥ 0 it holds that

{τ ≤ t} = {ω ∈ Ω|τ(ω) ≤ t} ∈ Ft.
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2. The Continuum Random Tree

Remark 2.20 Note that as eluded in Definition 2.12 a Brownian excursion e can
be seen as a measurable map

e : ω ∈ (Ω,F , P) 7→ e•(ω) ∈ (C0([0, 1]),B(C0([0, 1]))).

Moreover, we can check that almost surely e0 = e1 = 0 and hence e can even be
seen as a measurable map

e : ω ∈ (Ω,F , P) 7→ e•(ω) ∈ (C([0, 1]),B(C([0, 1]))).

This concludes these probability theoretic preliminaries, and we can now
consider the construction of the continuum random tree.

2.3 Definition and properties of the continuum random
tree

In this section, I will discuss the definition and properties of the so-called
continuum random tree. For this fix a Brownian excursion

e : ω ∈ (Ω,F , P) 7→ e(ω) = e•(ω) ∈ (C([0, 1]),B(C([0, 1]))).

seen as a measurable map on the probability space (Ω,F , P) with values in
the metric space (C([0, 1]), d∞) of non-negative continuous maps [0, 1] → R

vanishing at 0 and 1 (see Remark 2.20). Recall the continuous map (see
Construction 2.7 and Theorems 2.8 and 2.11)

T• : C([0, 1]) → T

which codes compact rooted R-trees.

Definition 2.21 The continuum random tree (CRT) is the continuous T-valued
random variable

Te : ω ∈ (Ω,F , P) 7→ (Te(ω), dGH) ∈ (T,B(T)).

That is, one can see (Te, dGH) as a random compact rooted R-tree.

2.3.1 Discrete trees and CRT as the limit of Galton-Watson trees

This will be the first property of the CRT, which characterizes it as the dis-
tributional limit of so-called Galton-Watson trees, which will be defined using
the reference [8]. First, we need the concept of a discrete tree.

Definition 2.22 Define the set of labels

U =
∞⋃

n=0

Nn.
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2.3. Definition and properties of the continuum random tree

with the convention N0 = {∅}. An element u = (u1, · · · , un) ∈ Nn ⊂ U is
called a label of generation |u| := n. Given two labels u = (u1, · · · , un) and
v = (v1, · · · , vm) define their concatenation by

uv := (u1, · · · , un, v1, · · · , vm) = (u, v),

with the convention u∅ = ∅u = u. Additionally, define the mapping π : U \
{∅} → U by

π(u1, · · · , un) = (u1, · · · , un−1), n ∈ N.

A finite rooted ordered tree is a finite subset t ⊂ U such that the following
properties hold:

(t1) ∅ ∈ t.

(t2) u ∈ t \ {∅} =⇒ π(u) ∈ t.

(t3) For every u = (u1, · · · , un) ∈ t there exists integer κu(t) ≥ 0 such that for
any j ∈ N it holds that

uj = (u1, · · · , un, j) ∈ t ⇐⇒ 1 ≤ j ≤ κu(t).

Let A denote the set of all finite rooted ordered trees and denote by #(t) the cardinal-
ity of t. In addition, if κu(t) = 0 for some u ∈ t we call u a leaf of t.

I will describe two important functions asscociated with a finite rooted or-
dered tree.

Construction 2.23 Let t be a finite rooted ordered tree. Then, we may order the
elements of t in lexicographical order7:

u(0) = ∅, u(1), · · · , u(#(t)− 1) ∈ t.

The height function associated with t is given by

h(t) : {0, · · · , #(t)− 1} → N; n 7→ hn(t) := |u(n)| .

The contour function associated with t is defined as follows:
Suppose the tree t is embedded in the plane R2 by associating to each u ∈ t a point
Pu ∈ R2 in such a way that for all 1 ≤ j ≤ κu(t) there is a line of length 1 (in
Euclidean metric) for Pu to Puj. By convention, we set P∅ = (0, 0). Suppose now
that there is a particle C(t) starting at P∅ = (0, 0) at time s = 0 moving on the

7For u, v ∈ t that means (u1, · · · , um) ≤lex (v1, · · · , vn) if and only if

(∃k ≤ min{m, n} : (∀j < k : uj = vj) and uk ≤ vk) or (m ≤ n and ∀j ≤ m : uj = vj).
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2. The Continuum Random Tree

lines drawn between the points Pu at unit speed in the following way: It moves from
the left to right, visiting at any Pu the points Puj for 1 ≤ j ≤ κu(t). If it hits Puj
with κuj(t) = 0 then it will move back along the line between Pu and Pu(j) to Pu

and continue to Pu(j+1). It will stop when it has visited every line twice, i.e., at
time 2(#(t)− 1) again. At each time s ∈ [0, 2(#(t)− 1)] we record the distance
C̃s(t) of the particle to the point P∅ = (0, 0). We now define the contour function
associated to t by

C(t) : [0, 1] → R; s 7→ C̃(2(#(t)−1))s(t).

P∅

P1 P2

P(1,1) P(1,2) P(1,3)

P(1,2,1) P(1,2,2)

Figure 2.1: tree t

1 2 3 14
0

1

2

3

s

C̃
s

Figure 2.2: contour function
C(t)

1 2 3 7
0

1

2

3

n
H

n
(t
)

Figure 2.3: height function
H(t)

Remark 2.24 One can view any finite rooted ordered tree t ∈ A as a rooted R-tree,
by embedding it into the plane as seen in Construction 2.23 in Figure 2.1, that is,
with any u ∈ T one associates a point Pu ∈ R2 with the convention P∅ = (0, 0).
For any j ∈ {1, · · · , κu(t)} we then draw a line segment of length 1 from Pu to
Puj. We let can view then t as the union of these line segments. Then, we obtain
something as seen in Figure 2.1. We can equip then this embedding, also denoted t,
of the tree t with the obvious shortest distance metric, i.e., the distance from σ ∈ t
to σ′ ∈ t is the shortest distance in t, when following along the line segments of t.
Alternatively, we can identify (by loosing the order of t) t = TC(t) where C(t) is the
contour function of t (see Figure 2.4) Via the inclusion t ∈ A ↪→ TC(t) ∈ T one

Figure 2.4: Tree t coded by its contour function C(t).
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2.3. Definition and properties of the continuum random tree

can view the space of finite rooted ordered trees A as a subspace of the space of all
compact rooted R-trees T.

Now I will give the construction of a Galton-Watson tree.

Construction 2.25 Let µ be a probability measure on the positive integers N such
that

∞

∑
k=0

kµ(k) ≤ 1,

and µ(1) ̸= 1 We will call such a µ a (sub)critical offspring distribution. Now
let {Ku}u∈U be a collection of independent N-valued random variables with law8

µ. A Galton-Watson tree θ offspring distribution µ is the random subset of U
given by

θ =
{

u = (u1, · · · , un) ∈ U
∣∣∣uj ≤ K(u1,··· ,uj−1) for every 1 ≤ j ≤ n

}
.

To justify that this in fact is a finite rooted tree, I will provide the proof of
the following proposition. To prove this, I briefly recall what a Galton-Watson
process with offspring distribution µ is:
Let {Xi

n}(i,n)∈N×N be a collection of independent N-valued random vari-
ables with law µ. Now set Z0 = 1 and Z1 = X1

1 and for n ≥ 0

Zn+1 =
Zn

∑
i=1

Xi
n.

Then, the collection of random variables {Zn}n≥0 is called a Galton-Watson
process with offspring distribution µ. The goal of the next two lemmas
are to compute the probability-generating functions9 of Zn and compute the
extinction probability P(Zn = 0) as n → ∞.

Lemma 2.26 Let mµ(t) = ∑k≥0 tkµ(k) be the probability-generating function of
law µ. Then, it holds that

mZn(t) = (mµ ◦ · · · ◦ mµ)︸ ︷︷ ︸
n times

(t), n ≥ 1. (∗)

Proof Since Z1 = X1
1 and X1

1 has law µ (∗) holds for n = 1. Suppose now
(∗) holds for some n ≥ 1. Then we find by induction as Xi

n are indepent of

8A random variable X on a probability space (Ω,F , P) has law P ◦ X−1.
9A random variable X has probability-generating function mX(t) = E[tX ].
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2. The Continuum Random Tree

Zn and of each other:

mZn+1(t) = E
[
tZn+1

]
= ∑

m≥0
E
[
t∑m

i=0 Xi
n

∣∣∣Zn = m
]

P(Zn = m)

= ∑
m≥0

E
[
t∑m

i=0 Xi
n

]
P(Zn = m)

= ∑
m≥0

mµ(t)mP(Zn = m)

= mZn(mµ(t))
= (mµ ◦ · · · ◦ mµ)︸ ︷︷ ︸

n + 1 times

(t).

□

The next lemma establishes a result about the extinction probability of a
Galton-Watson process.

Lemma 2.27 Let p = limn→∞ P(Zn = 0) and suppose µ is given as in Construc-
tion 2.25, then it holds that p = 1, i.e. the Galton-Watson process almost surely
goes extinct.

Proof By Lemma 2.26 we have that Zn has probability-generating function

mZn(t) = (mµ ◦ · · · ◦ mµ)︸ ︷︷ ︸
n times

(t)

and we note that mZn(0) = P(Zn = 0). We find that p = limn→∞ mZn(0).
Note that if Zn = 0, then also Zn+1 = 0. Therefore, it follows that mZn(0) ≤
mZn+1(0) for any n ≥ 1. Therefore, p must be the smallest nonnegative
fixed-point of the mµ, i.e., the solution to the equation

mµ(t) = t.

Because, now E[X1
1 ] = ∑∞

k=0 kµ(k) ≤ 1 = m′
µ(1) it follows that p = 1. □

Proposition 2.28 θ as defined in Construction 2.25 is almost surely (a.s.) a finite
rooted tree.

Proof First, I show properties (t1)-(t3):

(t1) To show is that ∅ ∈ θ a.s., i.e. P(∅ ∈ θ) = 1. Because for u = ∅,
the condition uj ≤ K(u1,··· ,uj−1) is vacuous for any j ∈ N it follows that
P(∅ ∈ θ) = 1.

(t2) For u ∈ θ \ {∅} we have

uj ≤ K(u1,··· ,uj−1) for every 1 ≤ j ≤ n.
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2.3. Definition and properties of the continuum random tree

In particular, we have

uj ≤ K(u1,··· ,uj−1) for every 1 ≤ j ≤ n − 1,

which implies that π(u) ∈ θ. That is, we have the following inclusions
of events {u ∈ θ \ {∅}} ⊆ {π(u) ∈ θ} which shows that

P(u ∈ θ \ {∅} =⇒ π(u) ∈ θ) = 1.

(t3) Consider the following events for u ∈ U and n ∈ N

Au,j = {(u, j) ∈ θ ⇐⇒ 1 ≤ j ≤ Ku}.

For u ∈ θ it follows that Au,j = Ω (i.e. the whole probability space)
and P(Au,j) = 1. Then, by the independence of the Ku’s we find that:

P(∀u ∈ θ∀j ∈ N : (u, j) ∈ θ ⇐⇒ 1 ≤ j ≤ Ku) = P

 ⋂
(u,j)∈U×N

Au,j


= 1.

This shows that for any u ∈ θ property (t3) holds and κu(θ) = Ku.

For the finiteness of θ consider the following N-valued random variables

Zn = #{u ∈ θ| |u| = n}, n ≥ 0.

Because only ∅ ∈ θ has generation |∅| = 0 it follows that Z0 = 1. Moreover,
we find that Z1 = K∅. Now, we write for any n ≥ 0

{u ∈ θ| |u| = n} = {ui
n}Zn

i=1,

and note for any n ≥ 1 that

Zn+1 = #{u ∈ θ| |u| = n + 1}
(t3)
= #{(u′, j) ∈ θ|

∣∣u′∣∣ = n and 1 ≤ j ≤ Ku}
= ∑

|u′|=n
Ku′

=
Zn

∑
i=1

Kui
n
.

Because the random variables Kui
n

are independently distributed with law
µ, it follows that {Zn}n≥0 is a Galton-Watson process with offspring distri-
bution µ. Since µ is subcritical, we have by Lemma 2.27 that almost surely
for n large enough Zn = 0, which implies that θ is almost surely finite and
hence a finite rooted tree. □
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2. The Continuum Random Tree

Definition 2.29 A finite rooted ordered random tree θ ∈ A as Construction 2.25
and Proposition 2.28 is called a Galton-Watson process with offspring distribu-
tion µ or simply µ-Galton-Watson tree. We denote by Πµ the law of θ (viewed
as a A-valued random variable, where A ⊂ T) on the space A.

To make more sense of the law Πµ of µ-Galtson-Watson tree, I now give a
explicit formula, where I follow [8].

Proposition 2.30 For any t ∈ A it holds that

Πµ(t) = ∏
u∈T

µ(κu(t)).

Proof Let {Ku}u∈U be the random variables that define a µ-Galton-Watson
tree θ. Then, as shown in Proposition 2.28, we have that κu(θ) = Ku for all
u ∈ θ. Hence, it follows that

{θ = t} =
⋂
u∈t

{Ku = κu(t)}.

Then, we can compute by independence of the Ku’s

Πµ(t) = P(θ = t)

= ∏
u∈t

P(Ku = κu(t))

= ∏
u∈t

µ(κu(t)).

□

I will introduce now the contour process of a sequence of Galton-Watson trees.

Construction 2.31 Let {θn}n∈N be a sequence of independent µ-Galton-Watson
trees. Then the contour process {Cs}s≥0 associated with {θn}n∈N by setting

Cs = Cs(θn), for n ≤ s < n + 1,

where s denotes the fractional part of s ≥ 0.

Next, I will state the result that the contour functions of a sequence of Galton-
Watson trees converges in distribution to the a scaled Brownian excursion. I
will not provide the proof for this result, as it is quite technical and will not
give any better insight for the purpose of this thesis. I will though sketch the
proof. For a detailed proof, I refer the reader to [8]. Recall that a sequence
{Xn}n∈N of (E, d)-random variables on a probability space (Ω,F , P) con-
verges in distribution to a (E, d)-random variable X, if for any A ∈ B(E) it
holds that:

P(Xn ∈ A)
n→∞−→ P(X ∈ A).

I will denote this type of convergence by Xn
(d)→ X as n → ∞.
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2.3. Definition and properties of the continuum random tree

Theorem 2.32 For every n ∈ N let θn be the µ-Galton-Watson tree conditioned
to have #(θn) = n (That is its distribution is given by Πµ(dt|#(t) = n).) and
let {es}s∈[0,1] be a Brownian excursion. Denote by {Cs}s≥0 the contour process
associated with {θn}n∈0. Then, it holds that for any s ∈ [0, 1]

1√
2n

C2ns
(d)−→

n→∞

2
σ

es,

where σ2 > 0 is assumed to be the finite variance of a µ-Galton-Watson process.

Proof Sketch (i) First one can show that the contour process can be seen
as a random walk S = {Sn}n∈N. This is clear from Figure 2.2 and the
fact that the contour process is the concatenation of contour functions.

(ii) Then one can show that 1√
2n

C2ns converges to 2
σ2
√

2n
S2ns in probability

as n → ∞, where · denotes the fractional part of a real number.

(iii) Then one shows that 2
σ2
√

2n
S2ns converges in distribution to 2

σ es as n →
∞. □

Equipped with Theorem 2.32 I can now state the following result regarding
the convergence of Galton-Watson trees to the continuum random tree. For
this, I fix the following notation: For a real tree (T , dT ) ∈ T and λ > 0
denote by λT the real tree with the metric defined by dλT = λdT .

Theorem 2.33 For every n ∈ N let θn ∈ A ⊂ T be a µ-Galton-Watson tree condi-
tioned to have #(θn) = n. Then 1√

2n
θn converges in distribution to the continuum

random tree Te, in the metric space T .

Proof Let Cn be the contour function associated with θn. Define Ĉn = 1√
2n

Cn.
Then, by the identification done in Remark 2.24 we have

1√
2n

θn = TĈn .

By Theorem 2.32 we have that for any s ∈ [0, 1] that

Ĉn
s

(d)−→
n→∞

es.

Hence, since the tree map T• is continuous (by Theorem 2.11), it follows that
1√
2n

θn = TĈn converges in distribution to the continuum random tree Te in
the metric space T. □

Remark 2.34 Theorem 2.33 is quite reminicient of Donsker’s theorem (see [5]),
which asserts the existence of Brownian motion as the scaled limit of a simple ran-
dom walk. Here, we asserted that CRT or Brownian tree Te is the limit of a sequence
of scaled Galton-Watson trees, which can be seen as the tree-analogue of a simple
random walk.

31



2. The Continuum Random Tree

This result concludes this long subsection about the CRT Te as a distribu-
tional limit of Galton-Watson trees. This also concludes the definition of
CRT and its convergence properties. In the next chapter, I will discuss the
construction of the so-called Brownian map and its topological and geometric
properties.
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Chapter 3

The Brownian Map

This chapter will be devoted to the construction and exploration of the prop-
erties of a special metric space called Brownian map, which arises as a quo-
tient of the continuum random tree Te. I will closely follow [2].

3.1 Construction of Brownian motion indexed by trees
and Brownian snakes

In this section, I will detail the construction of Brownian motion indexed by
the CRT Te via the notion of Brownian snakes. First, I will introduce Brownian
motion indexed by deterministic real trees.

Definition 3.1 Let (T , d) be a rooted real tree with root ρ ∈ T . A Brownian mo-
tion indexed by T is defined as a Gaussian process Z = (Zσ)σ∈T on a probability
space (Ω,F , P) such that

(i) Zρ = 0.

(ii) E[Zσ] = 0 for all σ ∈ T .

(iii) E[(Zσ −Zσ′)2] = d(σ, σ′) for all σ, σ′ ∈ T .

3.1.1 Deterministic snakes

I will now describe an equivalent view of Brownian motion indexed by trees
following [9]. For this purpose, I will introduce a new process, which in
essence can be viewed as Brownian motion indexed by a tree. The setting
is as follows: Consider a function g ∈ C([0, 1]), i.e. g : [0, 1] → R is a
nonnegative with g(0) = g(1) = 0. Additionally, assume that g is actually
Hölder continuous, that is, there exists two constants K, γ > 0 such that for
every s, t ∈ [0, 1] it holds that

|g(s)− g(t)| ≤ K |s − t|γ .
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3. The Brownian Map

For the next lemma, again consider the quantity

mg(s, t) = inf
r∈[s∧t,s∨t]

g(r)

for every s, t ∈ [0, 1] introduced in Construction 2.7.

Lemma 3.2 For every n ∈ N, s1, · · · , sn ∈ [0, 1] and λ1, · · · , λn ∈ R it holds
that

n

∑
i,j=1

λiλjmg(si, sj) ≥ 0.

Proof Fix n ∈ N and s1, · · · , sn ∈ [0, 1] and let t ≥ 0. For every i, j ∈
{1, · · · , n} define the relation:

i ∼t j ⇐⇒ mg(si, sj) ≥ t.

Note that for all i, j, k ∈ It := {i′|g(si′) ≥ t} we have:

• i ∼t i as g(si) ≥ t and so mg(si, si) = g(si) ≥ t. So ∼t is reflexive.

• Certainly ∼t is symmetric as mg(si, sj) = mg(sj, si).

• If i ∼t j and j ∼t k, i.e. mg(si, sj) ≥ t and mg(sj, sk) ≥ t, then we must
have mg(si, sk) ≥ t. Indeed: We have that

[si ∧ sk, si ∨ sk] ⊆ [si ∧ sj, si ∨ sj] ∪ [sj ∧ sk, sj ∨ sk]

and hence,

mg(si, sk) = inf
r∈[si∧sk ,si∨sk ]

g(r)

≥ inf
r∈[si∧sj,si∨sj]∪[sj∧sk ,sj∨sk ]

g(r)

= min
{

mg(si, sj), mg(sj, sk)
}

≥ t.

Therefore, ∼t is a equivalence relation on It. Now we compute:

n

∑
i,j=1

λiλj1It = ∑
i∼t j

λiλj

= ∑
i∈It

 ∑
j∈[i]∼t

λj

2

≥ 0.
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3.1. Construction of Brownian motion indexed by trees and Brownian snakes

Now, integrate this identity with respect to the Lebesgue measure dt on
[0, ∞): ∫ ∞

0

n

∑
i,j=1

λiλj1It dt =
n

∑
i,j=1

λiλj

∫ ∞

0
1{t≤mg(si ,sj)}dt

=
n

∑
i,j=1

λiλj

∫ mg(si ,sj)

0
dt

=
n

∑
i,j=1

λiλjmg(si, sj)

≥ 0.

This shows the result. □

Now, we consider the following definition.

Definition 3.3 Let T be any set. We then call a function m : T × T → R

• symmetric if m(s, t) = m(t, s) for all s, t ∈ T.

• non-negative definite if for all n ∈ N, s1, · · · , sn ∈ T and λ1, · · · , λn ∈ R

it holds that
n

∑
i,j=1

λiλjm(si, sj) ≥ 0.

That is, in terms of Definition 3.3 for T = [0, 1] the map

(s, t) ∈ T × T 7→ mg(s, t) ∈ [0, 1]

is symmetric and non-negative definite. For symmetric non-negative func-
tions, we obtain the following result (following [10]).

Proposition 3.4 Let T be a set and m : T × T → R a symmetric and nonegative
definite function. Then there exists a Gaussian process {Xt}t∈T with mean 0 and
covariance function

E[XsXt] = m(s, t).

For this, we extend the notion of a Gaussian process: A Gaussian process
indexed by a set T is a collection {Xt}t∈T of random variables such that for
any finite subset F ⊆ T and any subset {λt}t∈F ⊆ R the random variable

∑
t∈F

λtXt

is a Gaussian random variable.
For the proof, as for existence of Brownian motion, we use again Theorem
2.17.
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3. The Brownian Map

Proof For any finite subset F ⊆ T let mF be the restriction of m to F × F. We
can think of mF as the matrix MF = {m(s, t)}s,t∈F ∈ RF×F. By assumption,
this must be a symmetric and positive semidefinite matrix. Hence, we can
consider PF, the law of the multivariate normal distribution1 with mean 0
and covariance matrix MF on RF. Let now G ⊆ F and consider the projection
πF

G : RF → RG. Using that MF ◦ (πF
G)

−1 = MG, we find that PF ◦ (πF
G)

−1 =
PG. Hence, the collection {PF}F⊆T finite is consistent. By Theorem 2.17, it
follows that there exists a probability measure P on (RT,B(RT)) such that
PF = P ◦ (πT

F )
−1 for all finite subsets F ⊆ T. Now consider the coordinate

process Xt(ω) = ω(t) for any ω ∈ RT and t ∈ T. By construction, we have
Xt ∼ N (0, m(t, t)). Note that for any s, t ∈ T we have (Xs, Xt) = πT

{s,t} and so
again by construction (Xt, Xs) ∼ N (0, M{s,t}) and so if follows immediately
that E[XsXt] = m(s, t). That is {Xt}t∈T is a Gaussian process. □

To prove the next lemma, we need a result establishing the continuity of the
stochastic process. This result is due to Kolmogorov and can be found in
[5].

Theorem 3.5 Let X = {Xt}t≥0 be R-valued stochstic process for which there exist
three constants α, β, C > 0 such that

E[|Xs − Xt|α] ≤ C |s − t|β .

Then, there exists a continuous stochastic process X̃ = {X̃t}t≥0 such that Xt = X̃t
almost surely for all t ≥ 0.

Using now Lemma 3.2 we find the following corollary.

Corollary 3.6 There exists a continuous Gaussian process Zg = {Zg
s }s∈[0,1] with

mean 0 and covariance function

E[Zg
s Zg

t ] = mg(s, t).

Moreover, E[(Zg
s − Zg

t )
2] = dg(s, t).

Proof By Lemma 3.2 the function mg : [0, 1]× [0, 1] → R is symmetric and
non-negative definite. Therefore, by Proposition 3.4 applied to T = [0, 1] and
m = mg we find such a Gaussian process Z with mean 0 and a covariance

1A Rn-valued random variable X is multivariate normally distributed with mean µ ∈ Rn

and positive semidefinite covariance matrix Σ ∈ Rn×n if

P(X ∈ A) =
∫

A
φµ,Σ(x)dx, A ∈ B(Rn),

where

φµ,Σ(x) = (2π)−
n
2 exp

(
−1

2
⟨(x − µ), Σ−1(x − µ)⟩

)
.

We write X ∼ N (µ, Σ).
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3.1. Construction of Brownian motion indexed by trees and Brownian snakes

function E[ZsZt] = mg(s, t). Now note that we have the following bound
by the Hölder continuity of g for s, t ∈ [0, 1] and r ∈ [s ∧ t, s ∨ t] such that
g(r) = mg(s, t):

E[(Zs − Zt)
2] = E[Z2

s ] + E[Z2
t ]− 2E[ZsZt]

= mg(s, s) + mg(t, t)− 2mg(s, t)
= g(s) + g(t)− 2mg(s, t) (= dg(s, t))
= (g(s)− g(r)) + (g(t)− g(r))
≤ K |s − r|γ + K |r − t|γ

r∈[s∧t,s∨t]
≤ 2K |s − t|γ .

By Theorem 3.5 for α = 2, β = max γ − 1, 0, C = 2K, there exists a contin-
uous stochastic process Zg = {Zg

s }s∈[0,1] such that Zg
t = Zs almost surely.

Then Zg is a continuous Gaussian process with mean 0 and covariance func-
tion E[Zg

s Zg
t ] = mg(s, t). □

Remark 3.7 As indicated in the last computation of the proof of Corollary 3.6 we
have, in particular, that

E[(Zg
s − Zg

t )
2] = dg(s, t).

where dg is the metric of the real tree Tg. Also note that since E[(Zg
s )

2] = g(s) it
follows that Zg

0 = Zg
1 = 0 as g(0) = g(1) = 0.

Definition 3.8 The snake driven by a Hölder continuous function g ∈ C([0, 1])
is the centered2 Gaussian process Zg = {Zg

s }s∈[0,1] and covariance function

E[Zg
s Zg

t ] = mg(s, t), s, t ∈ [0, 1].

Remark 3.9 A classical result for centered Gaussian processes states that any cen-
tered Gaussian process X with X0 is uniquely determined by its covariance function
(see e.g. [5]). Therefore, the snake driven by g is uniquely determined by the func-
tion g.

The next lemma establishes the equivalence of Brownian motion indexed by
the tree Tg with the snake driven by g.

Lemma 3.10 For any s, t ∈ [0, 1] it holds that:

s ∼g t ⇐⇒ Zg
s = Zg

t almost surely.

Proof For all s, t ∈ [0, 1] we have the following equivalence:

s ∼g t ⇐⇒ dg(s, t) = 0

⇐⇒ E[(Zg
s − Zg

t )
2] = 0

2i.e. with mean 0.
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3. The Brownian Map

Then, clearly for any ε > 0 we find by Chebyshev’s inequality3:

P(
∣∣Zg

s − Zg
t

∣∣ ≥ ε) ≤ E[(Zg
s − Zg

t )
2]

ε2

= 0.

Hence, P(
∣∣Zg

s − Zg
t

∣∣ ≥ ε) = 0 and therefore P(
∣∣Zg

s − Zg
t

∣∣ < ε) = 1 for any
ε > 0. From this, it follows that Zg

s = Zg
t almost surely. □

Remark 3.11 Let g ∈ C([0, 1]) be a Hölder continuous and Zg the snake driven by
g. By Lemma ??, for any s ∈ [0, 1] the value of Zg

s only depends on the equivalence
class of s with respect to the equivalence class ∼g, which defines the real tree Tg.
Hence, we can think of Zg as a Brownian motion indexed by Tg the following way:
Let pg : [0, 1] → Tg be the canonical projection. Then, we can define for any
s ∈ [0, 1] and σ = pg(s) the random variable Zσ := Zg

s . This is well-defined by
Lemma 3.10. Indeed, we have for any s, t ∈ [0, 1] and σ = pg(s) and σ′ = pg(t):

σ = σ′ ⇐⇒ s ∼g t

⇐⇒ Zg
s = Zg

t

⇐⇒ Zσ = Zσ′ .

Since Zg is centered Gaussian, also Z = {Zσ}σ∈Tg is Gaussian with mean 0 and
as Zg

0 = 0 we have for the root ρ = pg(0) that Zρ = 0. By Remark 3.7, we have
that for all σ = pg(s), σ′ = pg(t) ∈ Tg that

E[(Zσ −Zσ′)2] = E[(Zg
s − Zg

t )
2]

= dg(s, t)
= dg(σ, σ′).

This shows that Z is a Brownian motion indexed by Tg.
Conversely, if Z is a Brownian motion indexed by Tg. Define for all s ∈ [0, 1] the
random variable Zs := Zpg(s). By definition of Brownian motion indexed by Tg, the
process Z = {Zs}s∈[0,1] is a centered Gaussian process. Since pg(0) = ρ we have
Z0 = Zρ = 0. Hence, we can compute

E[Z2
s ] = E[(Zs − Z0)

2]

= E[(Zpg(s) −Zpg(0))
2]

= dg(pg(s), pg(0))
= g(s).

From this, we can compute the covariance function of Z for s, t ∈ [0, 1]:

E[(Zs − Zt)
2] = dg(pg(s), pg(t)) ⇐⇒ −2E[ZsZt] = −2mg(s, t)

⇐⇒ E[ZsZt] = mg(s, t).
3P(|X − E[X]| ≥ ε) ≤ E[(X−E[X])2]

ε2 .
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3.2. Brownian map and the homeomorphism result

This shows that Z is the snake driven by g.
It turns out to be quite practical, to view a Brownian motion indexed by Tg as
the snake driven by g, especially if g becomes a random function, e.g. Brownian
excursion.

This concludes this short introduction to snakes driven by deterministic func-
tions.

3.1.2 Brownian snake and Brownian motion indexed by the CRT

In this subsection, I introduce the Brownian snake and its connection to Brow-
nian motion indexed by CRT.

Remark 3.12 From classical results on the continuity of paths of Brownian motion,
we know already that Brownian motion has Hölder continuous paths. Hence, a
Browian excursion e = {es}s∈[0,1]

By Remark 3.12 the following definition is justified.

Definition 3.13 Let e = {es}s∈[0,1] be a Brownian excursion, where we view e as
the C([0, 1])-valued random variable. Then, conditionally on e, we can consider the
stochastic process Ze = {Ze

s}s∈[0,1], i.e., for all s ∈ [0, 1]

Ze
s = E[Ze

s |σ(e)],

where σ(e) is the σ-algebra generated by e. We call the stochastic process Ze the
Brownian snake (driven by e).

Remark 3.14 To make the connection note that conditionally on e, the process Ze

is a centered Gaussian process with (conditional) covariance function

E[Ze
s Ze

t |σ(e)] = me(s, t).

By Remark 3.11 Ze conditional on e can be viewed as Brownian motion Z =
{Zσ}σ∈Te indexed by the continuum random tree Te. In this way, we avoid the
technical difficulties in considering a stochstic process indexed by the random set Te.
From now on, when talking about Brownian motion indexed by CRT, I identify it
with the Brownian snake driven by e.

3.2 Brownian map and the homeomorphism result

The preliminary results of the preceding section enable us now to construct
the object of interest of this chapter, the so-called Brownian map. I will
follow the construction given in [11]. But we begin by a reidentifcation of
the terms we have introduced so far and discuss the quotients of real trees
in a new light.
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3. The Brownian Map

3.2.1 Quotients of real trees homeomorphic to the 2-sphere S2

We identify the unit interval [0, 1] by the unit circle in the complex plane C

S1 = {a ∈ C| |a| = 1} ⊆ C

by the map
e2iπt ∈ S1 7→ t ∈ [0, 1].

For a, b ∈ C we set [a, b] to be the closed arc in S1 going from a to b in
clockwise driection with the convention [a, a] = {a}. (a, b) := [a, b] \ {a, b}
will be called the open arc with the convention (a, a) = ∅. Under this
identification we can reidentify the following notions:

(i) A continuous non-negative function g : [0, 1] → R with g(0) = g(1) =
0 can be viewed as a continuous non-negative function g : S1 → R

with g(1) = 0. Denote by C(S1) the space of such function with the
supremum metric.

(ii) We identify the quantitiy mg(s, t) for s, t ∈ [0, 1] and maps g ∈ C([0, 1])
by the following equivalent quantity for C(S1)

mg(a, b) = max
{

min
c∈[a,b]

g(c), min
c∈[b,a]

g(c)
}

, a, b ∈ S1.

(iii) Similarly for g ∈ C(S1) we define the pseudometric

dg(a, b) = g(a) + g(b)− 2mg(a, b), a, b ∈ S1,

and the equivalence relation ∼g for a, b ∈ S1 by

a ∼g b ⇐⇒ dg(a, b).

(iv) This way we can identify the tree Tg coded by g ∈ C([0, 1]) as the
quotient Tg = S1/∼g coded by g ∈ C(S1), which has the root ρ = pg(1),
where pg : S1 → Tg is the canonical projection.

(Hyperbolic) geodesic laminations

We denote by D ⊆ C the open unit disk in the complex plane and D =
D ∪ S1 the closed unit disk. We equip D with the usual hyperbolic metric,
that is for a, b ∈ D their distance is given by

dD(a, b) := inf
γ

L(γ),

where
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3.2. Brownian map and the homeomorphism result

• the infimum is taken over piecewise differentiable paths γ : [0, 1] → D

with γ(0) = a and γ(1) = b and

• for such path γ denote by

L(γ) :=
∫ 1

0

2 |γ′(t)|
1 − |γ(t)|2

dt

its (hyperbolic) path length.

We say that path γ : [0, 1] → D is a (hyperbolic minimizing) geodesic if

∀t1, t2 ∈ [0, 1] ∩ [0, 1] : dD(γ(t1), γ(t2)) = |t1 − t2| .

Such a geodesic is unique. Denote the open resp. closed geodesic lines by

γ(0)γ(1) := γ([0, 1] \ {0, 1})

γ(0)γ(1) = γ([0, 1]).

Now we will introduce the concept of a geodesic lamination. This is follow-
ing closely [12].

Definition 3.15 A (hyperbolic) geodesic lamination in D is a non-empty closed
subset L ⊂ D, which is the disjoint union of a family of geodesic lines, i.e.

L =
⊔
i∈I

γi([0, 1]),

where {γi : [0, 1] → D}i∈I are geodesics such that γi([0, 1]) ∩ γj([0, 1]) = ∅
for all i ̸= j ∈ I. We say that a lamination L in D is maximal if for any othe
lamination L′ it holds that L′ ⊂ L.

In the setting of the equivalence relation ∼g for g ∈ C(S1) on the unit circle
S1 ⊂ C, we define the following subset of D

Lg :=
⋃

a,b∈S1 :a ̸=b,a∼gb

ab ⊆ D.

Furthermore, we introduce the following additional assumption on the func-
tion g : S1 → R:

Assumption 3.16 We say g satisfies the assumption (Hg) if local minima of g are
distinct, i.e., for any two disjoint open arcs (a, b), (c, d) ⊂ S1 such that g attains
its infimum on (a, b) resp. (c, d) at a point in (a, b) resp. (c, d), then

min
x∈[a,b]

g(x) ̸= min
x∈[c,d]

g(x).
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3. The Brownian Map

Now, under (Hg) we have the following property of the equivalence relation
∼g.

Lemma 3.17 Under the assumption (Hg) any equivalence class for ∼g can only
contain at most three points.

Proof Suppose in contradiction, that there is an equivalence class E for ∼g
containing more than three points. Let a, b, c, d ∈ E be four distinct points
in this equivalence class. Then note that we have for any x ̸= y in {a, b, c, d}
that

g(x) = g(y) = mg(x, y) = max
{

min
z∈[x,y]

g(z), min
z∈[y,x]

g(z)
}

.

In particular, we have g(a) = g(b) = g(c) = g(d). If now (a, b) and (c, d)
are not disjoint, suppose without loss of generality that the are (a, b) comes
before the are (c, d) in counterclockwise direction and overlaps at c and b
(see Figure 3.1 below), then clearly we have that (c, d) and (d, c) are disjoint
open arcs (in blue resp. green in Figure 3.1), where g attains its minimum
at g(b) for b ∈ (c, d) and g(a) for a ∈ (d, c). As g(a) = g(b), this constitutes
a contradiction. If now (a, b) and (c, d) are disjoint open arcs (as in Figure

Figure 3.1: Non-disjoint arcs
(a, b) and (c, d).

Figure 3.2: Disjoint arcs (a, b)
and (c, d).

3.2), then we clearly have that (a, c) and (c, a) disjoint open arcs (in blue resp.
greenin Figure 3.2), where g attains its minimum at g(b) for b ∈ (a, c) and
at g(d) for d ∈ (c, a). This is again a contradiction. Therefore, a equivalence
class for ∼g has at most three points. □

Remark 3.18 It should be noted that Lemma 3.17 also shows that any vertex σ of
a real tree Tg coded by g ∈ C(S1) satisfying (Hg) satisfies that the cardinality of
the preimage p−1

g ({σ}) is at most three.

The next proposition will establishes that Lg under assumption (Hg) on g
defines a geodesic lamination. The proof follows [11].

Proposition 3.19 Under the assumption (Hg), the set Lg is a maximal geodesic
lamination in D.
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3.2. Brownian map and the homeomorphism result

Proof Let {a, b}, {c, d} be two distinct pairs of distinct points in S1 such that
a ∼g b and c ∼g d. We have the following claim:

Claim Either (a, b) and (c, d) are disjoint arcs or one are contains the other.

Proof Suppose this is not the case, then we are in the case depicted in Figure
3.1. Since g(b) = mg(a, b) and g(c) = mg(c, d), we must also have g(b) =
g(c) = mg(b, c) and hence b ∼g c. From this follows by transitivity of ∼g,
that

a ∼g b ∼g c ∼g d.

That is a, b, c, d are four distinct points in the same equivalence class for ∼g.
By Lemma 3.17 this is a contradiction under the assumption (Hg). □

By the claim, we can conclude that the geodesic lines ab and cd are disjoint
for distinct pairs of distinct points and coincide if {a, b} = {c, d}. Hence,
the set Lg is the disjoint union of geodesic lines. Next, we claim that Lg is
closed.

Claim Lg is a closed subset of D.

Proof The graph {(x, y) ∈ S1 × S1|x ∼g y} of ∼g is closed as for any (x, y)
in its complements, we can pick a small enought neighbourhood U around
x and V around y in S1 such that for any (x′, y′) ∈ U × V we have x′ ≁g y′.
Hence, the complement of the graph is closed. This shows that Lg is a closed
subset. □

This shows that Lg is a geodesic lamination in D. Now, we will show that it
is maximal among all geodesic laminations:
Suppose in contradiction that a, b ∈ S1 are distinct points such that the
geodesic line ab ⊂ D does not intersect Lg. Without loss of generality,
assume that

min
x∈[a,b]

g(x) ≥ min
x∈[b,a]

g(x).

Assume now g(a) > minx∈[a,b] g(x). For ε > 0 small enough we find c =

eiεa ∈ (a, b) and d = e−iεa ∈ (b, a) such that

g(a) > g(c) = g(d) = min
x∈[c,d]

g(x) > min
x∈[a,b]

g(x).

For this see the Figure 3.3 below. However, this implies that c ∼g d and
therefore the geodesic lines cd ⊂ Lg and ab intersect, which contradicts the
assumption, that ab does not intersect Lg. Therefore, we conclude

g(a) = min
x∈[a,b]

g(x).

By the same argument, we find that

g(b) = min
x∈[a,b]

g(x).
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3. The Brownian Map

Hence, it follows that a ∼g b, that is ab ∈ Lg, which again is a contradiction.
Therefore, we must have that any geodesic line ab intersects Lg. This shows
that Lg in fact is maximal among all the geodesic laminations of D.

Figure 3.3: Small ε-arc.

The next corollary characterizes the components of the complement of the
lamination Lg

Corollary 3.20 Each connected component of D \ Lg under the assumption (Hg)
is an ideal hyperbolic triangle.

Remark 3.21 An ideal hyperbolic triangle in D is a triangle, whose vertices lie
all on the boundary S1 (i.e. points at infity).

Proof Let T be a connected component of D \ Lg. Then, we must have that
its boundary ∂T is a subset of Lg. Hence it must be the disjoint union of
geodic lines in Lg, which have endpoints on S1. By the Lemma 3.17 there
are at most three such points under (Hg). So we find as seen in Figure
3.4, two cases since the boundary must bound a connected component of
D \ Lg. In either case, we have an ideal hyperbolic triangle T with boundary
∂T = ab ∪ bc ∪ ca or ∂T = ab ∪ a∞ ∪ b∞, where ∞ is the point at infinity of
D.

Remark 3.22 By the Corollary 3.20 any component of D \ Lg is in correspondence
with a triple {a, b, c} of distinct points in S1 such that that a ∼g b ∼g c.

The lamination Lg allows us to extend the equivalence relation ∼g on S1 to
D = D ∪ S1.
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3.2. Brownian map and the homeomorphism result

Figure 3.4: Complement of lamination.

Construction 3.23 The extension of ∼g to D goes as follows: For x, y ∈ D we
define

x ∼g y ⇐⇒
{

x, y ∈ ab, for some arc ab with a, b ∈ S1, a ∼g b
x, y ∈ cl T, for some component T of D \ Lg.

This defines an equivalence relation on D, that extends the equivalence relation ∼g
on S1. Indeed, reflexivity, symmetry, and transitivity can be easily checked. And
note that if x, y ∈ S1 with x ∼g y (in the original equivalence relation on S1) we
clearly have x, y ∈ xy, so that x ∼g y also for the extended relation. Note that there
are three possible types of equivalence classes for the extended equivalence relation
∼g:

(i) Singletons {a} for a ∈ S1,

(ii) closed arcs ab for a, b ∈ S1 with a ̸= b and a ∼g b, or

(iii) closures of ideal hyperbolic triangles with ends a, b, c ∈ S1 with a ∼g b ∼g c.

Note that we can identify the tree Tg as quotien of D.

Lemma 3.24 There is a homeomorphism Tg → D/∼g.

Proof Consider the inclusion f : S1 → D. Then, clearly we have bijection

f̃ : Tg → D/∼g

given by simply sending the equivalence class of any a ∈ S1 under ∼g on
S1 to the equivalence class of f (a) = a under ∼g on D. This is clearly a
surjection by Construction 3.23 and the mentioned equivalence classes of
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3. The Brownian Map

the extended relation. Obviously, if a ∼g b in D, then as ∼g is the extension
of ∼g on S1, it follows that a ∼g b on S1. So f̃ is injective. Since f̃ is
continuous and Tg and D/∼g are both Hausdorff and compact, it follows
that f̃ is a homeomorphism. □

We now introduce another assumption.

Assumption 3.25 For g, h ∈ C(S1) we say assumption (H′
g,h) holds if for all

a, b, c ∈ S1 with a ∼g b and a ∼h c it holds that

a = b or a = c

.

Last but not least, in preparation for the main result of this subsection, for
g, h ∈ C(S1) satisfying (Hg), (Hh) and (H′

g,h) we declare the following equiv-
alence relation ≈h on Tg by:
For α, β ∈ Tg we set α ≈h β if and only if there are representatives a, b ∈ S1

of α resp. β such that a ∼h g. We check that this is in fact an equivalence
relation.

Lemma 3.26 Under (Hg), (Hh) and (H′
g,h) the relation ≈h is an equivalence rela-

tion on Tg.

Proof Let α, β, γ ∈ Tg. Clearly, we have for any representative a ∈ S1 of α,
that a ∼h a by reflexivity of ∼h. Thus, α ≈h α. This shows the reflexivity.
Now, by definition ≈h is symmetric. Now if α ≈h β and β ≈h γ, there exist
representative a, c ∈ S1 of α resp. γ and representatives b, b′ ∈ S1 of β such
that a ∼h b and b′ ∼h c. Since both b and b′ are representatives of β ∈ Tg we
must have that b ∼g b′. By the assumption (H′

g,h) it must follow that:

• Since a ∼h b and b ∼g b′ we must have b = a or b = b′.

• Since b′ ∼h c and b ∼g b′ we must have b′ = c or b = b′.

If b = b′, then we have a ∼h c by the transitivity of ∼h, and therefore α ≈h γ.
If b ̸= b′, then we have a = b and b′ = c, so we must have α = β = γ and
therefore α ≈h γ. This shows transitivity. □

Now comes the main result about the quotients of deterministic trees, the
proof of which will follow the one given in [11] very closely.

Proposition 3.27 Under the assumptions (Hg), (Hh) and (H′
g,h) the quotient

space Tg/≈h is homeomorphic to the sphere S2.

Proof First, we embed the complex plane C in R3 by identifying it with the
plane

{x3 = 0} = {(x1, x2, x3) ∈ R3|x3 = 0}.
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Define the closed upper hemisphere by

H+ = {(x1, x2, x3) ∈ S2|x3 ≥ 0},

and the closed lower hemisphere by

H− = {(x1, x2, x3) ∈ S2|x3 ≤ 0}.

By the stereographic projection from the north and south poles we can iden-
tify the closed unite disk D homeomorphically with H+ and H−. By Lemma
3.24 we have that H+/∼g is homeomorphic to Tg and H−/∼h is homeomorphic
to Th. Let now ∼ be the relation on S2 defined by

x ∼ y ⇐⇒ x ∼g y or x ∼h y, x, y ∈ S2.

This relation is clearly reflexive and symmetric. Now, if for x, y, z ∈ S2 we
have x ∼ y and y ∼ z. Then, we have the following possibilities:

• If both x ∼g y and y ∼g z or x ∼h y and y ∼h z we are done. Indeed,
by the transitivity of g or h, we have x ∼ z.

• If x ∼g y and y ∼h z, then by the assumption (H′
g,h) we have y = x or

y = z. In both cases, we find x ∼ z.

• The case where x ∼h y and y ∼g z works analogously.

So ∼ is an equivalence relation on S2. Because both the relations ∼g and
∼h are closed, i.e., their graph is closed4, also the equivalence relation ∼ is
closed. Moreover, in Construction 3.23 we have identified the equivalence
classes of ∼g and ∼h as singletons, arcs, or closures of an ideal hyperbolic
triangles. Since an equivalence class for ∼ is an equivalence class for ∼g
or for ∼h, it follows that any equivalence class for ∼ is a compact path-
connected subset of S2, whose complement is also path-connected (i.e. S2

minus a point, minus a arc, or minus the closure of an ideal hyperbolic
triangle.). Now, we will use the following result by Moore [13]:

Theorem 3.28 Let ∼ be a closed equivalence relation on S2. If every equivalence
class of ∼ is a compact path-connected subset of S2 with path-connected complement,
then the quotient space S2/∼ is homeomorphic to S2.

Based on the above arguments, our equivalence relation ∼ on S2 satisfies the
premise of this theorem. Hence, S2/∼ is homeomorphic to S2. First note that
by composing the canonical projections

S1 → Tg → Tg/≈h

4A equivalence relation ∼ on a topological space X is closed if its graph {(x, y) ∈ X ×
X|x ∼ y} is a closed subset of X × X.
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we find that Tg/≈h is compact. The composition of inclusion and canonical
projection

S1 → S2 → S2/∼

then factors through the equivalence relation ∼g to a continuous surjection
Tg → S2/∼, which in turn again factors through the equivalence relation ≈h
to a continuous bijection Tg/≈h → S2/∼. By compactness of Tg/≈h and S2/∼ it
follows that this bijection must be a homeomorphism. Therefore, from the
result derived from Theorem 3.28 it follows that Tg/≈h is homeomorphic to
S2. □

This concludes the homeomorphism result for deterministic real trees. We
now turn to the construction of the Brownian map.

3.2.2 Construction of the Brownian map

Recall from Definition 3.13 that for a Brownian excursion e = {es}s∈[0,1]
seen as a C([0, 1])-valued random variable, the Brownian snake driven by
e is the centered Gaussian process Ze (conditional on e) with (conditional)
covariance function

E[Ze
s Ze

t |σ(e)] = me(s, t).

By the identification of [0, 1] with S1 we can identify:

• The Brownian excurision e = {ea}a∈S1 can be viewed as indexed by S1

and a C(S1)-valued random variable. Moreover, we have the following
quantity:

me(a, b) = max
{

min
c∈[a,b]

ec, min
c∈[b,a]

ec

}
, a, b ∈ S1.

• Similarly, the Brownian snake Ze driven by e can be viewed as the
centered Gaussian process with the covariance function

E[Ze
aZe

b|σ(e)] = me(a, b).

It is a classical result that the Brownian excursion e (see e.g. [5]) has almost
surely distinct local minima, and so e satisfies the assumption (He). Now I
will state a technical lemma, which will help to construct the Brownian map.
The proof can be found in [11] and [14].

Lemma 3.29 The Brownian snake Ze driven by e (seen as a C(S1)-valued random
variable) satisfies the assumption (HZe) almost surely.

This lemma is all we need to construct the Brownian map.
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3.2. Brownian map and the homeomorphism result

Construction 3.30 Let e = {ea}a∈S1 be a Brownian excursion and Ze = {Ze
a}a∈S1 .

Set now
Z = min

a∈S1
Ze

a.

By Lemma 3.29 there is almost surely a unique point a∗ ∈ S1 such that Ze
a∗ = Z.

For a = e2iπs, b = e2iπt ∈ S1 set now

a ⊕ b :=

{
e2iπ(s+t), if s + t ≤ 1,
e2iπ(s+t−1), if s + t > 1.

Then, for any a ∈ S1 we define the following random variables:

ea := ea∗ + ea∗⊕a − 2 max
{

min
c∈[a∗,a∗⊕a]

ec, min
c∈[a∗⊕a,a∗]

ec

}
and

Za := Ze
a∗⊕a − Ze

a∗ .

Note that e1 = 0 and Z1 = 0. Thus, the processes e and Z are C(S1)-valued
random variables. We observe by the same argument as for the Brownian snake Ze

(see Remark 3.11), that the value of Za only depends on the equivalence class of a in
Te. Therefore, we may think of Z as indexed by Te.
Let pe : S1 → Te and pe : S1 → Te denote the canonical projections. For α, β ∈ Te
resp. α, β ∈ Te let [α, β] denote the image under pe resp. pe of the smallest arc [a, b]
in S1 such that pe(a) = α, pe(b) = β resp. pe(a) = α, pe(b) = β. Set for α, β ∈ Te

D◦(α, β) := Zα + Zβ − 2 max
{

min
γ∈[α,β]

Zγ, min
γ∈[β,α]

Zγ

}
and

D∗(α, β) := inf

{
p

∑
i=1

D◦(αi−1, αi)

∣∣∣∣∣p ≥ 1, α0 = α, α1, · · · , αp−1, αp = β ∈ Te

}
.

I will now show that D∗ is a pseudometric.

Proposition 3.31 D∗ defines a pseudometric on Te.

Proof By Construction 3.30 D∗ is non-negative and symmetric. It remains to
be shown that it satisfies the triangle inequality. Let α, β, γ ∈ Te. Let p, q ≥ 1
and fix finite sequences

α0 = α, · · · , αp = β ∈ Te

and
β0 = β, · · · , βq = γ.
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3. The Brownian Map

Then, we can compute that

D∗(α, γ) ≤
p

∑
i=1

D◦(αi−1, αi) +
q

∑
i=1

D◦(βi−1, βi).

Because these finite sequences were chosen arbitrarily, we conclude that

D∗(α, γ) ≤ D∗(α, β) + D∗(β, γ).

This concludes the proof. □

Now I will state a result given [15].

Lemma 3.32 The quantities D◦ and D∗ satisfy the following equivalence for all
α, β ∈ Te:

D◦(α, β) = 0 ⇐⇒ D∗(α, β) = 0.

Now we are ready to define the Brownian map.

Definition 3.33 On Te define the following equivalence relation:

α ≈ β ⇐⇒ D∗(α, β) = 0 Lemma 3.32⇐⇒ D◦(α, β) = 0.

The Brownian map is defined to be the quotient space (Te/≈, D∗).

This concludes this subsection on the construction of the Brownian map. We
now turn our attention to the last result presented in this thesis.

3.2.3 Homeomorphism result

This last part is devoted to the result, which states that the Brownian map in
Definition 3.33 is homeomorphic to the 2-sphere S2. To prove this, we need
the following technical lemma, which is proven in [11].

Lemma 3.34 The assumption (He,Ze) almost surely holds, i.e. almost surely for
every a, b, c ∈ S1 we have

a ∼e b and a ∼Ze b =⇒ a = b or a = c.

With Lemmata 3.29 and 3.34 and Proposition 3.27 the following result is
obtained.

Lemma 3.35 The quotient space Te/∼Ze is almost surely homeomorphic to the 2-
sphere S2.

Now, we are in the position to state and prove the main result.

Theorem 3.36 The Brownian map (Te/≈, D∗) is almost surely homeomorphic to
2-sphere S2.
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Proof By Lemma 3.35 it suffices to show that (Te/≈, D∗) is almost surely
homeomorphic to Te/∼Ze . Let ρ : S1 → S1 denote the rotation with angle
2πs∗, where a∗ = e2iπs∗ . Then by Lemma 2.9, ρ induces an isometry

R : (Te, de) → (Te, de).

Also R satisfies the following identity:

Zα = Ze
R(α) − Z, α ∈ Te.

By Lemma 3.32 we have that almost surely for every α, β ∈ Te:

α ≈ β ⇐⇒ D◦(α, β) = 0

⇐⇒ Zα = Zβ = max
{

min
γ∈[α,β]

Zγ, min
γ∈[β,α]

Zγ

}
.

By the above, this is equivalent to

Ze
R(α) = Ze

R(β) = max
{

min
γ∈[R(α),R(β)]

Ze
γ, min

γ∈[R(β),R(α)]
Ze

γ

}
.

Hence, it follows that R(α) ∼Ze R(β). This shows that R induces a bijection

R̃ : Te/≈ → Te/∼Ze .

Left to show is that R̃−1 is continuous, as Te/≈ and Te/∼Ze are compact. If
we show this, it follows that R̃ is a homeomorphism. Because the canonical
projection Te → Te/≈ is continuous, we can compose R−1 from Te to Te with
this canonical projection, which again gives a continuous map

Te → Te/≈.

This induces then a continuous map

Te/∼Ze → Te/≈.

However, this is just the mapping R̃−1. So R̃−1 is continuous. □

This concludes the proof of the main result and concludes our discussion of
the Brownian map.

3.3 Final remarks

To conlude this thesis, I will shortly highlight the main points this thesis:

• We introduced the continuum random tree as the quotient space Te =
[0,1]/∼e coded by a Brownian excursion e. This construction was justi-
fied, as the coding map T• is a Borel measurable map with values in
the space in real trees.
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3. The Brownian Map

• We saw the connection the continuum random tree had to discrete
Galton-Watson tree, as the its distributional limit.

• We explored the concept of a Brownian motion indexed by real trees,
which extended to Brownian motion indexed by the continuum ran-
dom tree by identifying it as the Brownian snake driven by Brownian
excursion.

• This all culminated in the construction of the Brownian map and its
homeomorphism to the 2-sphere via the theory of hyperbolic geodesic
laminations.

This summarizes the work done in this exposition. I should add that there is
much more to explore. There is another construction of the Brownian map
via the scaling limits of large planar maps. This is done extensively in [9].
Intuitively, we can think of the results presented there, as randomly drawing
graphs on the 2-sphere and the considering its limit as the number of vertices
goes to infinity. This was skipped in the context of this semester thesis, as
it would be a quite lengthy exploration, which would be a semester project
in its own right. This just comes to show, the richness of the Brownian map
and the continuum random tree as models in random geometry, and how
random geometric structures arise in several different ways.
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