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Abstract

This thesis investigates key aspects of geometric measure theory, begin-
ning with an introduction to essential tools and concepts in Chapter
2. The objective is to familiarize the reader with the fundamental tech-
niques required for understanding the following chapters. Chapter 3
introduces the concept of sets of finite perimeter, focusing on the prop-
erties functions of bounded variation. This chapter lays the foundation
for the more detailed studies that follow. Furthermore, the regularity
results of de Giorgi and Federer are proven.

Chapter 4, which illustrates the main result of this thesis, presents the
existence and regularity results for sets of minimal perimeter. These
results are central to understanding the geometric properties of such
sets. The chapter provides comprehensive insights into the behavior
and structure of minimal perimeter sets.

In Chapter 5, the discussion is extended to almost minimal sets, as
defined by Almgren. This chapter places the results from Chapter 4
within a larger theoretical framework, demonstrating how these sets fit
into the broader context of geometric measure theory. The introduction
of almost-minimal sets offers a new perspective and further depth to
the study of minimal surfaces.
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For a subset K C X of a metric space (X, d) this denotes its
diameter diam (K) = sup, , ., d(x,y).

This will denote the standard norm of x € RN for n > 2.
This will denote the absolute value/standard norm of x €
R.

For a subset A C X and an element x € X of metric space
X this will denote the distance d(x, A) = inf,c4 d(x,a) be-
tween A and x.

For a topological space X this will denote the Borel o-
algebra on X.

For a topological space X this denotes the set of continuous
functions X — R.

For a open set QO C RN this denotes the set of k-times
continuously differentiable functions () — IR.

For a topological space X this denotes the set of continuous
functions X — R with compact support.

For a open set QO C RN this denotes the set of k-times
continuously differentiable functions () — IR.

For a measure space X with measure y and p > 1 this
denotes the space of all y-measurable functions f : X — R
such that [y [f(x)]" dp(x) < oo.

For a measure space X with measure y and p > 1 this
denotes the space of all y-measurable functions f : X —
R such that [i |f(x)|P du(x) < oo for all compact subsets
K CX.

This denotes the determinant function on n x n matrices
with entries in R for n > 1.

For n x n matrix A with entries in R this denotes its trans-
pose.

For an element x € X of a metric space (X,d) and r >
0 this will denote the open ball about x of radius 7, i.e.
B(x,r)={yeX|dxy) <r}.

For an element x € X of a metric space (X,d) and r >
0 this will denote the closed ball about x of radius 7, i.e.
B(x,r)={ye X|d(x,y) <r}.

For an element x € X of a metric space (X,d) and r > 0
this will denote the boundary of the open ball about x of
radius r, i.e. 0B (x,7r) = {y € X | d(x,y) =r}.

This will denote the unit sphere in RN for N > 2.

For a measure space X with measure y this will be an ab-
breviation for p-almost every(where).
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A(x,r1,12)
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For a measure space X and measures u,v on X this will
denote that there are disjoint subsets E, F C X such that
for all measurable sets A C X we have that ANE, ANF
are measurable and y(ANE) = u(E), vV(ANF) =v(A).
For a measure space X and measure p on X this will denote
the restriction of u to a subset A C X, i.e. uLA(B) =
u(ANB).

This denotes the (open) annulus A(x,r1,72) = B(x,12) \
B (x,r1) about an element x € X of a metric space (X,d)
with inner radius r; > 0 and outer radius r, > 0.

For a function f : X — R and xp € X this denotes that
limy— (Jg%
and xg = 0 or xg = *+oo.

For subset U of a topological space X, we write A CC U if
A C U°is and A is compact.

= 0. Most of the times we have X C [—c0, 0]
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Chapter 1

Introduction

In 1873, the Belgian physicist and mathematician Joseph Plateau published
his observations from experiments with soap films, describing their struc-
tures as seen in foams. He summarized his observations in the following

four laws:

(i) Unbroken Surfaces: Soap films are unbroken surfaces, meaning they
are connected.

(ii) Constant Mean Curvature: At any point on a soap film, the mean
curvature is constant, indicating that the surface tension of soap films
is uniform.

(iii) Triple Junction Angle: If three soap films meet on an edge, they al-
ways do so at an angle of & = arccos (—%) = 120°. This is captured in
Figure 1.1.

Figure 1.1: Three soap films meeting at an edge.
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(iv) Quadruple Junction Angle: Edges as in (iii) meet in fours at the tetra-
hedal angle of = arccos (—%) ~ 109.47°. This is illustrated in Figure
1.2.

Figure 1.2: Tetrahedal angle formed by soap films.

Plateau observed that configurations of soap films that do not obey these
four laws are inherently unstable and will rearrange to conform to these
laws.

These early observations by Plateau at the end of the 19" century arguably
sparked the beginning of the mathematical discipline of geometric measure
theory in the 20" century. This thesis will demonstrate how this discipline
has its origins in so-called Plateau-type problems. In particular, Taylor rig-
orously proved in [1] in 1976 that minimal® surfaces, whose nature will be
explained later in this thesis, obey these laws using tools from geometric
measure theory. This is the historical context in which my thesis is situated.

I will restrict the focus of this thesis to the simpler case of sets of finite
perimeter, in contrast to Jean Taylor’s seminal work on minimal surfaces,
particularly soap-film-like structures. Sets of finite perimeter, which are also
known as Caccioppoli sets, provide a mathematical framework for modeling
shapes with boundaries that exhibit some degree of irregularity but are gen-
erally well behaved in a measure-theoretic sense. These sets are effective
in capturing certain aspects of minimal surfaces, such as those that can be
modeled by a single interface. In the context of soap films, the perimeter of
such a set can represent the surface area of a soap film formed by dipping a

IThe nature of said minimality will be explained in the course of this thesis.



wire frame in soapy water. This approach is particularly useful in analyzing
Plateau’s first law, which asserts that the surface of a soap film is locally flat,
minimizing the area subject to boundary conditions.

However, while sets of finite perimeter provide a powerful tool for under-
standing these simpler minimal surfaces, they fall short in capturing the
full complexity of soap-film structures, especially when it comes to singu-
larities and the junctions where multiple surfaces meet. These limitations
are significant because real-world soap films are rarely as simple as single-
interface models imply. Soap films often form intricate networks of surfaces
that meet at junctions, creating singularities where the smooth structure of
the film breaks down. These singularities are characterized by specific ge-
ometric configurations, such as triple junctions where three surfaces meet
at 120-degree angles or more complex configurations where four or more
surfaces converge.

Jean Taylor’s work, particularly her 1976 paper “The Structure of Singulari-
ties in Soap-Bubble-Like and Soap-Film-Like Minimal Surfaces,” addresses
these complexities using more sophisticated mathematical tools. Taylor em-
ploys varifold theory and advanced techniques from geometric measure the-
ory to rigorously describe the behavior of minimal surfaces near these sin-
gularities. Her work provides a comprehensive classification of the local
structure of singularities in minimal surfaces, showing that the singular set
consists of curves along which three sheets of the surface meet smoothly at
equal angles, as well as isolated points where four such curves meet. This
classification is crucial for understanding how minimal surfaces behave in
the presence of complex boundary conditions, such as those found in soap
films adhering to Plateau’s third and fourth laws, which describe the angles
between surfaces and the conditions under which multiple surfaces meet at
a common curve or point.

Despite the constraints of focusing on the simpler model of sets of finite
perimeter, this thesis will capture minimal surface theory within this frame-
work and the related methodologies, while recognizing that more advanced
tools, like those developed by Taylor, are necessary to fully capture the intri-
cate geometry and topology of soap-film-like minimal surfaces.

This thesis is structured as follows: The first chapter establishes the foun-
dational concepts and tools of geometric measure theory. This is essential
to ensure that all the readers understand the setting in which we will work.
This chapter provides an overview of geometric measure theory and its clas-
sical tools, with a focus on introducing vector-valued measures and their
properties. The concept of rectifiability, which will allow us to generalize
tangent spaces in less regular spaces, is of utmost importance. This gen-
eralization enables us to perform calculus on sets that are more irregular
than manifolds in differential geometry. This foundational knowledge will
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be useful in subsequent chapters, as the sets of finite perimeter discussed
will exhibit a certain degree of irregularity. Essentially, the purpose of geo-
metric measure theory is to generalize concepts from differential geometry,
transitioning from smooth to unsmooth structures.

The following chapter is entirely dedicated to the study of functions of
bounded variation. This will provide a measure of the regularity of func-
tions and, subsequently, of sets. This is important as it serves as the ba-
sis for defining sets of finite perimeter. These functions and sets are the
natural framework for applying tools from geometric measure theory and
performing calculus. As mentioned, they are useful in modeling physical
phenomena such as soap films, as well as in phase transitions, fracture me-
chanics, and fluid dynamics. Closely related to the soap films considered in
this thesis is the modeling of interfaces between different fluid phases. In
this context, sets of finite perimeter provide the mathematical framework to
represent these interfaces. The perimeter, whose definition will be provided
in this chapter, corresponds to the interface’s total variation, capturing its
possible irregularity. Soap films can also be viewed as an interface between
air on both sides if we think of air in fluid-dynamical terms. Mathematically,
functions of bounded variation are essential tools for defining less regular
solutions to various problems in the calculus of variations and PDE theory,
with Plateau-type problems being just one of many. An interesting example,
aside from the problem considered in this thesis, is the inviscid Burger’s
equation:

e+ f(u)y =0. (1.1)

Even for smooth initial data uo, the partial differential equation 1.1 can de-
velop discontinuities in finite time, resulting in the so-called shock solutions.
Physically, one can think of a drop of water hitting a small puddle, which
then produces shock solutions. With this in mind, the keyword of this chap-
ter should be ”discontinuity”, because the goal of this thesis is to investigate
the intricacies of possibly very irregular sets. In the setting of functions
of bounded variation, one gains some control over such discontinuities in
solutions.

Finally, after these preliminary but equally important chapters, we can delve
into the main objective of this thesis: presenting a proof of a regularity re-
sult for sets of finite perimeter that minimize said perimeter. This is crucial
for modeling sets of finite perimeter as soap-film-type membranes in accor-
dance with the first of Plateau’s laws, i.e., the smoothness condition. I will
demonstrate that sets minimizing perimeter are indeed regular, aside from
a negligible set of irregularities. This is illustrated in Figures 1.1 and 1.2,
where soap films are smooth everywhere except at the edges and vertices
where they meet.

From a mathematical standpoint, this chapter illustrates the methodology



used when considering such minimization problems. Starting with the ex-
istence of solutions via the direct method of the calculus of variations, we
will then establish a monotonicity formula, which captures the behavior of
minimizers at different scales. This can be thought of as zooming in and
out around a point of minimal sets. Zooming in provides insight into the
local structure, which is crucial when considering singular points. In con-
trast, zooming out helps to understand the global structure of the geometric
shapes considered in this thesis.

The monotonicity formula is our main tool for studying the behavior of
a quantity, in this case the perimeter. When this behavior is predictable,
it indicates the likely regularity of the minimizer in the zoomed-in region.
For a soap film spanned by a wire frame, the monotonicity formula tells
us how the area of the soap film contained within a small ball changes
as we shrink or extend the ball. If this area does not increase too rapidly,
exhibiting the desired predictable behavior, it suggests that the soap film is
regular in that region. This intuitive thought leads to the culmination of this
chapter: de Giorgi’s regularity theorem, which captures Plateau’s first law,
the smoothness condition.

Lastly, we will turn our attention to the more general setting considered by
Taylor [1] and David [2]. The importance of this chapter lies in establishing
more general definitions of minimality of surfaces suited for higher dimen-
sions and proving a monotonicity formula. The most interesting part for me
is that this chapter serves as a jumping-off point into the deeper study of
soap films in higher dimensions. Although not as visualizable as in three
dimensions, the difficulties and intricacies of Plateau-type problems remain
and become even more pronounced in higher dimensions. For this reason, I
have restricted this chapter to definitions and the monotonicity formula.

The difficulty of soap films in higher dimensions lies, in my opinion, in
two main points. Firstly, in higher dimensions, the types and structures
of singularities that minimal surfaces can develop become more complex.
While in two dimensions, a minimal surface might have isolated singular
points, in higher dimensions, singularities form along higher-dimensional
sets, such as lines and surfaces. This complexity is already evident in three
dimensions, which is the focus of Taylor’s more general study. The findings
of Taylor’s theorem in three dimensions highlight the second difficulty when
considering soap films in higher dimensions: the problem of classification.
In three dimensions, Taylor was able to classify all types of singularities of
minimal soap films in accordance with the last two laws of Plateau. However,
this classification becomes increasingly challenging for dimensions greater
than three. In fact, this is an open problem, as starting from dimension
N = 4, we do not have a complete list of singularities exhibited by soap
films. This highlights an area for further research.
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In conclusion, the main point of this thesis is to establish the mathematical
framework for modeling soap films using sets of finite perimeter and to in-
vestigate the intricacies of such sets as solutions to a certain Plateau-type
problem, bringing them mathematically into accordance with Plateau’s first
law. The final chapter serves as a pointer to further research possibilities for
both the reader and me. Along the way, I hope the reader gains a deeper
understanding of the methodology and tools provided in the context of the
problem considered in this thesis, as well as in the preliminary chapters
on geometric measure theory. Personally, after spending hours, days, and
months on this thesis, I have learned many new useful tools and methodolo-
gies, and I am in awe of the immense work done in this field of research with
many still unsettled open problems. I thank my advisor, Prof. Dr. Joaquim
Serra, for the opportunity to write this thesis and explore the inherently in-
teresting problem of soap films under his supervision, as well as for all the
guidance he provided in writing this thesis.



Chapter 2

Geometric measure theory

This chapter is entirely dedicated to introducing the reader to geometric
measurement theory, which is used extensively in this thesis. It is based on
the exposition given in Chapters 1 through 3 of [3].

2.1 Abstract measure theory

This section briefly repeats the necessary definitions and results of classi-
cal measure theory. Proofs will be mostly omitted, but references will be
provided.

Definition 2.1 Let X be a set and £ a family of subsets of X. Then we define the
following notions:

(i) € is called an algebra if © € £, EyUEy, € £ and X\ E € £ whenever
Ei{,E;,E € €.

(ii) & is called a o-algebra if it is an algebra and for any sequence (Ej)pen C €
we have Uyen En € €.

(iii) For any family G of subsets of X, the o-algebra generated by G is the smallest
o-algebra containing G and denoted by o(G), i.e.

o(G) = N F. 2.1)

F DG is o-algebra

Moreover, if (X, T) is a topological space, we denote by B(X) the c-algebra
generated by the topology T and call it Borel c-algebra in X and its elements
Borel sets.

(iv) If € is a o-algebra in X, then (X, E) is called a measurable space.

Definition 2.2 Let (X, &) be a measurable space, and p : € — [0,00) be a set
function.
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(i) u is additive, if y(E; U Ey) = u(E1) + u(Ez) whenever E1,E; C € and

E1NE, =0@.
(ii) p is o-subadditive, if for any sequence (Ep)pen C € and E C UpeNEy, it
holds that
H(E) < ) pu(En). (2.2)
helN

(iii) y is a positive measure on X if (@) = 0 and c-additive, i.e. for any
sequence (Ep)pen of pairwise disjoint elements of £ it holds that

2 (U Eh> = ) u(Ep). (2.3)

helN helN

(iv) We say that a positive measure y on X is finite if u(X) < oo.

(v) We say that a subset E C X is o-finite with respect to a positive measure p
on X, le = UhEIN E; fOT (Eh)hG]N C & with Ej, C Eh+1 and y(Eh) <
forall h € IN. If X is o-finite, then we call y o-finite.

(vi) If u is a positive measure on (X, &), we call (X, E, it) a measure space.

(vii) In a measure space (X,E, u), we call a subset N C X a p-null set if there
is E € & such that u(E) = 0 and N C E. We set &£, to be the collection of
subsets of X of the form F = EUN for E € £ and N a p-null set. Then
&y is a o-algebra and we call it the p-completion of £ and say F € &, is
u-measurable.

(viii) We say that a property P(x) depending on a point x € X holds p-a.e. in X
if the set of points, where P(x) does not hold, is a u-null set.

Definition 2.3 Let (X, E) be a measurable space, and m € IN.

(i) We say that a set function y : £ — R"™ is a R"-valued measure on X if
1(@) = 0 and for any sequence (Ej),cn C & of pairwise disjoint elements
we have that

[ (U Eh> =Y u(En). 24)

helN helN

For m =1, we call y a real measure on X.

(ii) If u is a R™-valued measure on X, we define its total variation ||p|| for
every E € £ by

Ej, € & pairwise disjoint, } (2.5)

Iull (E) = sup{ Y (B E C Unen B

helN

For m = 1 we denote it by |p|.
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(iii) If y is a real measure, the we define its positive and negative parts by

it = |V|2+H and y — |H|2— " 2.6)

Remark 2.4 If y is a R"-valued measure on a measurable space (X, E), then its
total variation ||u|| is a finite positive measure on (X,E). For a proof of this, see
Theorem 1.6 in [3].

Definition 2.5 Let (X, &, u) be a measure space and (Y, T) a topological space.

(i) A function f : X — Y is called E-measurable if f~1(A) € & for every
AecT

(ii) If y is a positive measure on X, we call a function f : X — Y py-measurable
if it is £,-measurable.

(iii) We call a function f : X — R a simple function if its image is finite, that
is, f is an element of the vector space spanned by the characteristic functions
XE of subsets E C X.

(iv) For a simple p -measurable function u : X — [0, 0], we define its integral

with respect to p by [yudp = Yyeuoo) yp(u ' (y)). If u : X — [0co] is
p-measurable it integral is defined as

/udy: sup /dy. (2.7)
X v y-measurable, simple J X

(v) We call a p-measurable function u : X — R p-summable if [, |u|dp < oco.
We call u p-integrable if for u™ := max(4u,0), we have [y utdu < oo or
Jxu~dp < 0. For u: X — R p-integrable we define:

/udy ::/u*dpt—/udy. (2.8)
b'e X b'e

(vi) If u is an R™-valued measure and u : X — R is ||p||-summable, we define:

/Xudy = </X udpy, - - - ,/Xudym> . (2.9)

In addition, if u = (uq,- -+ ,um) : X — R™ is such that each component u;
is ||t ||-summable, we define:

u-du = u;du;. 2.10
/X z ;X iz (2.10)

(vii) If y is a real measure and u = (uy,--- ,ux) : X — RF is |u|-summable (i.e.
every component u; is yu-summable), then we set:

/Xudy = </X wdpy, - - ,/Xukdy> . (2.11)
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(viii) For E C X and u : X — R a function such that uxg is p-integrable, we set
[eudp = [ uxedpu.

Remark 2.6 For every u : X — R ||u||-summable with respect to a R™-valued
measure y on X, it holds that:

o] < [ ulalal. 2.12)
X X

Definition 2.7 Let (X, &, u) be a measure space. We define for y-measurable func-

tionu: X —» R: )
2
el = (/Xlul’”> , (2.13)

=inf{C € [0,00] | |u(x)| < C for p-a.e. x € X}. (2.14)

ifl1 <p<ocoand

[

[

For p € [0,00], we say that u € LF(X,p) if ||ul|, < co. The quotient LP(X, )
of LP(X, i) by the equivalence relation of y-a.e.-equality is a real vector space and
\[1l,, is @ morm on LF (X, p). Moreover, if (X, T) is a topological space, we define the

vector spaces LI, (X, ) as the space of all y-measurable functions u : X — R such
that u|x € LY(K, u) € for all K C X compact.

We now recall that for o-finite measure # on X the dual of L (X, u) is

)
L* (X, u) and for p € (1,00) the dual of L? (X, u) is L7 (X, i), where % + % =

1 (see, e.g., Chapter 4 in [4]). This leads us to the following definition:

Definition 2.8 Let p € [1,00|, (X,&) be a measurable space and y a o-finite
measure on X. We say that a sequence (fy),cn C LP (X, u) converges weakly

to f € LV (X, p) if limy oo [y fugdp = [y fgdu for all g € L9 (X, p), where
sti=1lifpe(Lo)andg=ocoif p=1.

We also mention here convergence in measure and almost everywhere conver-
gence.

Definition 2.9 Let (X, &, ) be a measure space. We say a sequence (fy),cn Of
u-measurable functions converges in measure to a y-measurable function f if

Vs>0:}}i_r)r;oy({xEX] |fn(x) — f(x)| >¢}) =0. (2.15)

We say (fy),cn converges almost everywhere to f if

#(X\ {x € X[ lim fy(x) # f(x)}) = 0. (2.16)

We also have the following notion of equiintegrability.
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Definition 2.10 Let (X, &, 1) be a measure space and F C L' (X, u). Then we
say that F is an equiintegrable family if the following conditions are satisfied:

(i) For any e > O there exists a y-measurable set A C X with u(A) < oo such
that [\ 4 |f|dp < eforall f € F.

(ii) For any e > O there is 6 > 0 such that for every y-measurable set E C X the
following implication holds:

() <é = /E|f|dy<sz€]-". (2.17)

We have the following characterizations of equiintegrability.

Proposition 2.11 Let (X, &, u) be a measure space and F C L' (X, u). Then the
following holds:

(i) F is equiintegrable if and only if for every (Ey),cpn C € such that E, — @
it holds that limy, o supsc 7 [¢, || dp = 0.

(ii) If u is a finite measure and F is bounded, then F is equiintegrable if and only

if there exists some increasing continuous function ¢ : [0,00) — [0, 00| with

@ 28 0o such that

]-'C{feLl(X,y)‘/X(p(\f\)dygl}. (2.18)

(iii) If y is a finite measure and F is bounded, then F is equiintegrable if and only
if
lim sup/ |f|du = 0. (2.19)
{If1>t}

t_>oof€]:

(iv) If p is finite, F is countable, that is, F = (fy,),cn is a sequence in L' (X, i),
and fy, converges in L' (X, u) to some f € L' (X,u), then F is equiinte-
grable.

Proof The proof of (i)-(iii) is given in Proposition 1.27 in [3]. For (iv) we can
apply (iii) to obtain for every t > 0 that
sup [ Aflduzsup [ (R = fldpesap [ (fldp 220
heN J{|fal>1} heN J{|ful>1} heN J{|fal>1}

Since f; — f in L' (X, 1) and we can choose for every ¢ > 0 and & € N a
ty > 0 such that u({|f.| > t.}) < €, we can conclude that

lim sup/ |fuldp =0, (2.21)
F=% peN {Iful>t}
and so F is equiintegrable by (iii). O

11
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The next proposition is dedicated to all the convergence-related results for
integrals.

Proposition 2.12 Let (X, E, u) be a measure space.

(i) (Monotone Convergence Theorem (MCT)) For an increasing sequence (1),
of u-measurable functions uy, : X — R with u, > ¢ with ¢ € LY(X, u) for
any h € IN, it holds that:

lim [ w,dp = }}im updp. (2.22)
X h—oo

h—o0 X

(ii) (Fatous’s Lemma) Let (uy),.n be a sequence of y-measurable functions
up: X — Rand ¢ € LY(X, u). Then it holds that

/ liminfu,dy <liminf | w,dy, (2.23)
X h—oo  Jx

h—o0
if uy, > g forany h € N, and
/ limsup updy > limsup [ wu,dy, (2.24)
X  h—oo h—oo JX
ifup < g forany h € N.

(iii) (Dominated Convergence Theorem (DCT)) Let u,u, : X — R be u-
measurable functions and assume that limycq uy(x) = u(x) for p-a.e. x €
X If [y suppep [un| dp < oo, then

lim uhdy:/udy. (2.25)
X

h—o0 X

(iv) (Vitali theorem) Consider uy, u : X — R with uy, y-measurable. If (up,),en
converges to u in measure and there is an equiintegrable sequence (vy),cn
of positive functions such that |uy(x)| < v(x) for py-ae. x € X, then

limy, o [y updp = [y udp.
Proof For a proof of these results, see, e.g. [4]. ]

The next definition mainly concerns the terminology around the Radon-Nikoydm
theorem.

Definition 2.13 Let (X, £) be a measurable space.

(i) Let u be a positive measure and v a R™-valued measure on X. We say that
v is absolutely continuous with respect to y, denoted by v < p, if for
every B € & it holds that

u(B)=0 = [v](B) =0, (226)

12
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(ii) Let p,v be positive measures. We say y and v are mutually singular, de-
noted by u L v, if there exists E € & such that u(E) = 0and v(X \ E) = 0.
If u,v are R™-valued measures, we say they are mutually singular, if

[l LAl

Remark 2.14 Let u be a positive measure and v a R™-valued measure on a mea-
surable space (X,&). Then v < y is equivalent to the following condition:

Ve>036 >0VEe€ £:u(E) <d = ||v||(E) <e. (2.27)

If 2.27 holds, then for every € > 0, the assumption u(E) = 0 for any E € &,
implies ||v|| (E) < e. Thatis, |[v|]|(E) = 0. Sov < u. Conversely, assume
v < p. Suppose, for the sake of contradiction, that there is ¢ > 0 such that there is
a sequence (Ey),cp C & such that for any h € N, u(Ey,) < 27" and ||v|| (E) > ¢
hold. Since & is a o-algebra, we know that E == (e Ugsy Ex € €. We note that
for every h € IN we have by o-subadditivity we have:

wE) < Y u(E) < Y 278 (2.28)

k>h k>h

By convergence of the geometric series we get, as h — oo, that u(E) = 0. Since
|\v|| (Ex) > € forall k € N, we find that ||v|| (E) > € > 0. This is a contradiction
tov < .

The next theorem is the famous Radon-Nikodym theorem.

Theorem 2.15 (Radon-Nikodym) Let (X, &) be a measurable space, y be a o-
finite positive measure, and v a R™-valued measure on X. Then there exists a
unique pair of R™-valued measures v* and v° on X such that v* < y, v° L u
and v = v" + v5. Moreover, there is a unique function f € [LY(X,u)]™ such that

vt = fu.
Proof For a proof, see, e.g. [4]. O

Remark 2.16 We call the measures v* and v° in Theorem 2.15 the absolutely
continuous, respectively. singular part of v.
The expression v* = fu in Theorem 2.15 is understood to mean:

v(E) = /Efdy = (/Efldy,--- ,/Efmdy> , Ee€é. (2.29)

We refer to the function f € [L'(X, u)]™ in Theorem 2.15 as the density of v with
respect to y. We denote it by f = Y in analogy to the notation of differential

du
calculus.

The following is the polar decomposition of a measure and is an obvious
corollary to Radon-Nikodym.

13
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Corollary 2.17 (Polar Decomposition) Let (X, E) be a measurable space and y
be a R™-valued measure on X. Then f = % € [LY(X, u)]™ has values in S™~1
and satisfies p = f ||u|.

Proof For a proof, see, e.g. [4]. O

2.1.1 Radon measures and operations on measures

In this short section, we recall the important notion of Radon measures and
some operations on measures.

Definition 2.18 Let X be a locally compact and separable (Ics) metric space, B(X)
its Borel o-algebra.

(i) A positive measure on (X, B(X)) is called a Borel measure. If a Borel mea-
sure is finite on compacts, it is called a positive Radon measure.

(ii) A R"™-valued set function defined on the relatively compact Borel sets of X,
that is, a measure on (K, B(K)) for every compact set K C X, is called a
R™-valued Radon measure. We denote by [Mo(X)]™ the space of R™-
valued Radon measures.

(iii) If y : B(X) — R™ is a R™-valued measure with ||p|| (X) < oo, we say that
u is finite R"-valued Radon measure. We denote [M(X)]™ the space of
finite R™-valued Radon measures.

We have the following neat property of Borel measures.

Proposition 2.19 Let X be an Ics metric space and y a Borel measure on X. Let E
be a p-measurable set. Then it holds that:

(i) If u is o-finite then
u(E) = sup{u(K) | K C E,K compact}. (2.30)
(ii) If there is a sequence (X))o Of open subsets of X such that yu(Xj) < oo for
any h € N and X = Upen Xy, then
u(E) =inf{u(A) | E C A, A open}. (2.31)
Proof For a proof, see Theorem 2.10 in [5]. [

Remark 2.20 (ii) in Proposition 2.19 is in particular true in the case of X = RN
and Xj, = B(0, h) for any h € N.

It also makes sense to introduce here the weak™ convergence fo measures here.

Definition 2.21 Let X be an lcs metric space and p € [Mioo(X)]™ and (py)en C
[Mioc(X)]™. Then, we say that u, locally weakly* converges to u if

lim udyh:/udy, Vu € C(X). (2.32)
X X

h—o0
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We have the following weak compactness property for sequences of finite
Radon measures.

Theorem 2.22 If (uy),c is @ sequence of finite positive or R™-valued Radon
measures in an lcs metric space X with sup{||p|| (X) | h € N} < oo, then it has a
locally weakly* converging subsequence. Moreover, the map p — ||u|| (X) is lower
semicontinuous with respect to the local weak™ convergence.

Proof For a proof, see Theorem 1.59 in [3]. ]
The next proposition characterizes the total variation of measures y € [M(X)]™.

Proposition 2.23 Let X be an Ics metric space and yu € [M(X)]|™. Then for every
open set A C X it holds that:

Il (4) = sup { [ -

Remark 2.24 In Proposition 2.23 we mean by ||u

uewdmwwwus1}. (239)

the following norm on C.(A):

oo

[ullo = sup [lu(x)]- (2.34)

x€A
Proof By the polar decomposition of y from Corollary 2.17, we can find a
unique function f : X — S™ 1in [LY(X, ||u||)]™ such that u = f ||u||. So for
any open set A C X and for any u € [C.(A)]™ with ||u||,, < 1 we have that:

o

Joudn= [ e gdiul <l ) (235)
A A

This proves the inequality > in 2.33. We find that [C.(A)]" is dense in
[LY(A, ||u])]™. So, there exists a sequence (uy),cny C [Ce(A)]™ such that
|(un)i — fill; 7 O0ash — coforalli=1,---,m. Up to replacing uj by —4—

1
l[tth ] oo

we may assume that ||u|| = 1:
tim [ o= Jim [ - ] = ] (4). (2.36)
h—co J A h—oo J Ao

This proves the inequality < in 2.33. O

The following result due to Riesz characterizes Radon measures in terms of
bounded linear functionals.

Theorem 2.25 (Riesz) Let X be a Ics metric space and L : [C.(X)]™ — R be a
bounded linear functional, i.e.

IL]] = sup{L(u) | u € [C(X)]™, [[u]lo <1} < oo, (2.37)

Then, there exists a unique R™-valued finite Radon measure y on X, such that:
L(u) = / u-du, Yue[C(X)]™, (2.38)
X
and |[L|| = {|p]| (X)-

15
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Proof For a proof, see Theorem 2.14 in [6]. O
Next, we will introduce the support of a measure.

Definition 2.26 Let X be an Ics metric space and u a positive measure on X. We
define the support of y by

supp(u) = {x € X‘VU C X:(xeld = u(U) > 0)} (2.39)
open
If u is a R™-valued measure we define its support by supp(u) = supp(||u||)-
More generally, we have the following notion. We say that a R™-valued measure
on a measurable space (X, E) is concentrated on a subset S C X if S € £ and

[l (X\ §) = 0.

Proposition 2.27 Let X be a Ics metric space and y a positive measure on X. Then,
supp () is a closed subset of X and in particular we have:

supp () = [{A C X|A is closed and u(X \ A) = 0}. (2.40)

Proof It suffices to prove 2.40. Indeed, let x € supp(y) and u be con-
centrated on a closed set A C X. Suppose x ¢ A, thatis, x € X\ A.
Then U = X \ A is an open neighborhood of x and since x € supp(u) we
must have p(U) > 0. But this is a contradiction, since p(U) = 0 as p is
concentrated on A. So we must have x € A for all closed sets A C X
with u(X\ A) = 0. Conversely, if x € A for all closed sets A C X with
#(X\ A) =0, and U C X is an open neighborhood of x, suppose u(U) = 0.
Then A = X\ U is closed and yu is concentrated on A. So we must have
x € A. This contradicts x € U = X\ A. So we must have p(U) > 0. This
shows the equality 2.40. U

Now let us define the restriction of a measure.

Definition 2.28 Let u be a positive or R™-valued measure on a measurable space
(X,&). If E € £ we define the restriction of y to E by uL_E(F) = u(ENF) for
every F € &.

The next proposition establishes the circumstances under which the restric-
tion of a Radon measure stays a Radon measure.

Proposition 2.29 Let X be a Ics metric space and y a positive or R™-valued Radon
measure on X. If E € B(X), then uLE is a positive resp. R™-valued Radon
measure.

Proof Suppose first that y is a positive Radon measure on X. Then for any
A C X and Borel set B € B(X) we have that:
HLE(A) = p(EN A)

HRel (ENANB) + u((ENA)\ B) (2.41)

=ulLE(ANB)+uLE(A\B).
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And since p is finite on compacts, also u L E is finite on compacts. This
shows that y is a Radon measure on X.

If u is a R™-valued Radon measure on X. The clearly pL E is still a set
function defined on the relatively compact subsets of X and for every K C X
compact, we have p L E still a measure on (K, B(K)). O

Now, let us define the pushforward of a measure.

Definition 2.30 Let (X, &) and (Y, F) be two measurable spaces and let f : X —
Y be such that f~1(F) € & whenever F € F. For any positive or R™-valued
measure y in (X, ) we define the measure fyy on (Y, F) by

fau(F) :== u(f"Y(F)), VFecF. (2.42)

Proposition 2.31 Let X, Y be two Ics metric spaces and f : X — Y be a continuous
and proper function. If u is a Radon measure on X then fyy is a Radon measure on
Y.

Proof By continuity we have f~!(B) € B(X) whenever B € B(Y). So fsu
is a Borel measure on Y. Now let K C Y, then since f is proper we have
f~Y(K) C X still compact and so fup(K) = u(f~1(K)) < oo, as u is a Radon
measure on X. So fgyu is a Radon measure on Y. U

We close this section about abstract measure theory with the statement of
the Fubini theorem.

Theorem 2.32 Let (X3,&1) and (X, &) be measurable spaces and iy and py be
o-finite measures on Xy resp. Xo. Then, there is a unique o-finite measure y on
(X1 x Xp, &1 % &) such that

]/I(El X E2) = ]/ll(El)]/lz(Ez), VEl & 51, Ez e 52. (243)

Moreover, if u : X1 X Xo — R is y-summable, we have that

x— [ u(x,y)dua(y) andy — [ u(x,y)dpi(x), (2.44)
Xz XZ

are yi1- resp. pp-summable and

/X]XXZ udp = /X1 </X2u(x,y)duz(y)> dpq (x)
= /Xz </Xl u(x,y)d]/‘l(y)> dpo(x).

Proof For a proof, see, Theorem 2.32 in [4]. O

(2.45)
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2.2 Geometric measure theory

This section is dedicated to familiarizing the reader with the basics of geo-
metric measure theory. We will go over the convolution of measures, some
Sobolev space results, the Lebesgue-Besicovitch theorem, tangent measures,
Hausdorff measures, rectifiability, area formula, approximate tangent spaces,
and the coarea formula. In contrast to the previous section, the ambient
space will always be Euclidean space (RY, B(RY)) instead of an abstract
measurable space (X, £).

2.2.1 Convolution

This subsection concerns itself with the definition and properties of the con-
volution of functions and measures. The following proposition contains all
results related to the convolution of functions. We also fix the notation £N
for the standard Lebesgue measure on RN for N € N and write dx or
dLN(x) for the intergation with respect to £V.

Proposition 2.33 For any two functions f,g : RN — R, we define their convo-
lution by

/ fly y)dy, x e RN (2.46)
Then the following properties are satisfied:

(i) If f € LYRN,LN) and g € LP (RN, LN) for p € [1,00], then f* g €
LP (RN, £N) and || f+gll, < [Iflly 181l

(i) If f € LL (RN, £N) and g € C.(RN), then f x g € C(RN).

(iii) For the supports, supp(f * g) C supp(f) + supp(g).

(iv) If f € LY (RN, LN) and g € C®(RN) or f € L]
C(RN), then it holds that f x ¢ € C*(RN) and

VEfxg)(x) = f+ (Vi) (x), (247)
for every multiindex x € NV,

(v) Let p € C®(RN) be a mollifier, ie. p > O p( ) = p(x), supp(p) C

(RN, LN) and g €

loc

B(0,1) and [gn p(x)dx = 1. Wecallp‘S = e Np(2) foranye > 0a
family of mollifiers. If now f € LI (IRN ,CN) then f*pe € C°(RN)
and

lggg If % pe = fllpp(acny =0, VA CCIRY, (2.48)

for every p € [1,00).

UIf (X, 7) is a topological space, we write A CC X if A C X is relatively compact, i.e. A
is compact in X.
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(vi) If f € C(RYN), then convergence f x pe =20 f is uniform on compacts in
RN,

Proof For a proof of this, see the chapter on convolutions in [6]. 0

Knowing this, we now define the convolution of continuous functions with
measures.

Definition 2.34 Let u be an R™-valued Radon measure on an open set ) C RN,
If f € C(Q) we define the convolution of f and y by

wx f(x /fx— Ydu(y (2.49)

whenever it makes sense to do so, i.e. when the integral in 2.49 is well-defined.

We have the following regularity and convergence results:

Proposition 2.35 Let ) C RN be an open set, 1 = (p1, -+, 4n) € [Mioc(Q)]™,
(Hn)nen C [Mioc(Q)]™ and (pe).cr_, a family of mollifiers.

(i) If py locally weak* converges to u and f € C.(Q)), then yy * f hope i f
uniformly on compact subsets of ().

(ii) The functions p * p, belong to [C®(Q)|™ and V*(u % pe) = p * V*p, for
any o € NN.2

(iii) The measures pe := u * p. LN locally weakly* converge in Q) to y as e — 0
and the estimate

[ leell dx < ] (U(E), (250)

holds whenever E C Q) is a Borel set and where U(E) = {x € E |
d(x,E) < ¢}.

(iv) The measures ||y || locally weak™ converge in Q) to ||u|| as ¢ — 0.

Remark 2.36 We note that if v € L' (Q, LN) and either y is concentrated on Q)
or v = 0 LN-a.e. outside of Q) we have the following by application of Fubini’s
theorem 2.32 and the fact that pe(—x) = pe(x):

/V*Ps dx—// pe(x — y)du(y)o(x)dx

/Qg/ pe(y — x)v(x)dxdu(y) (2.51)
:/Qv*ps(y)du(w-

2Here Q. denotes the set of all x € Q with d(x,0Q) > ¢
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Proof We give the proof of (i)-(iii) and for (iv) direct the reader to Theorem
2.2 in [3].

(i) This follows immediately from the local weak® convergence of y;, to
as for any K C () compact and for every x € K we have the following;:

s £6) = e 0l = | [ 7= = [ £ =) 0,
(2.52)
as h — oo. This proves uniform convergence on compacts.

(ii) We fix standard orthonormal basis {¢;}; of RN and consider for ar-
bitrary x € () and any i = 1,---,N the difference quotient for any

e k
positive sequence sy = 0 we have that

* 0g(X +Spe;) — U * 0 (X (X — Y+ Ske;) — Pe(X —
e kS) Z p():/p( ytsie) =X =¥) g, ).
k o) Sk
(2.53)
Now by the Dominated Convergence Theorem 2.25 we find that for all
i=1,---,N:
d . (X — Y +ske;) — X —
2 (up)(x) = fim [ CLEZYESA) ZpE ) gy
i —®J0O Sk
0
= / 35,0 —y)du(y) (2.54)
Q 9X;

= (1 o) ).

This proves (i) for all « € NN with ||a||; :== a1 + - -+ ay = 1. Assume
that (ii) holds for all d > 1 and all & € NN with ||a||; < d. Now, replace
a € NV with ||a||; = d+ 1. Then we can choose k = 1,---,N such
that ay # 0. If oy = d + 1 we have by induction hypothesis that

o o4
V(u*pe) = BTckW
0 o4 (2.55)
= aTCk(P‘ * @Ps)

- I/[ * vapg.

Otherwise we can define & = a — axe, with ||&||; < d and so by induc-
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tion hypothesis:
L9
Xk
ox;

9% ;
:a ak(.u*vps)

Xk

= Iu k axzk VDCPS

V(i pe) = ==V (% pe)

(2.56)

= px V..
This shows (i) for all « € N¥ and in particular y * o, € C*(Q).

(iii) By Remark 2.36 we deduce that for all ¢ > 0 and for all u € C.(()
that:

/ po pe(x)u(x)dLN (x) = / u pe(y)dp(y). (2.57)
Q

By Proposition 2.33 (iv) and the continuity of u we find as ¢ — 0
that 2.57 implies the local weak® convergence of ye = u * pLN to .
Moreover, if E C (), is a Borel set we see by Fubini’s theorem:

Lo s = [ [ oot = nuto]| s
< [ [ px=wa e

= [ [ocr=waxdip] (2:58)
9 e
< [[ull (Ue E)).
At (%) we used that for x € E we have p.(x —y) # 0 if and only if
y € U.(E). 0

2.2.2 Sobolev spaces and Lipschitz functions

In this section, we discuss the definitions and properties pertaining to Sobolev
spaces and Lipschitz functions. Of interest is in particular the Rademacher the-
orem establishing almost everywhere differentiability of Lipschitz functions.

For most proofs, we direct the reader to Sections 2.2 and 2.3 of [3]. We start

with the definition of Sobolev spaces and weak derivatives.

Definition 2.37 Let ) C RN bean openset,i =1,--- ,Nandu € L} (Q, LN).
Ifthereis g € Ll (Q, LN) such that
.99 o
—dx = q)gdx Vo € C(Q), (2.59)
QO Bx
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then we say that u has weak i-th derivative given by g. If the i-th weak derivative
exists, it is unique and is denoted by V,u or g—;.
For p € [0,00] we say that u € W' (Q) if u € LV (Q, LN) and has all weak

derivatives in LP (Q, LN) for every i =1,--- ,N. We write for u € W"P(Q):
Vu:= (Viu,---,Vu). (2.60)

We call the space WP (Q)) Sobolev and it becomes a Banach space with the Sobolev
norm

N
lutll g1y = Nl + le [Viullh, (2.61)
1=
if1 <p<oo,and
N
it preo () = tlleo Y- I Vitt]| o - (2.62)
i=1

The next proposition summarizes all the properties of Sobolev spaces.

Proposition 2.38 Let O C RN and (u),,cny € WP (Q) converge in LP (Q), LN)
to some u € LP (Q, LN). The following statements are true:

(i) If p € [0,00] and for everyi =1,--- N thereis g; € LV (Q, LN) such that
| Viup — &ill "0, then u € WLYP(Q) and Viu = g;.

(ii) If p € (1, 0| and the sequences (Vjuy,), o are bounded foranyi=1,--- N,
then u € WY (Q) and Vuy, — Vu weakly foranyi=1,--- ,N.

(iii) Ifu,g € LL_(Q,LN) and i =1,---, N we have the following equivalence:

loc

g = Viu if and only if there is a sequence (uy),cpny C C®(Q)) such that
up — wand Viu, — g in L _(Q, LN). Moreover, if p € [1,00) the space
C=(Q) NWLP(Q) is dense in WP (Q)).

Proof For proofs of this, see Chapter 1 in [7]. 0
Now we turn to more tangible functions in the realm of Lipschitz functions.

Definition 2.39 Let E C RN. We say a function f : E — R™ is a Lipschitz
function in E and write f € [Lip(E)]™ if

1f () = fFw)l
[l =yl
We call Lip(f, E) the Lipschitz constant of f.

Lip(f,E) := sup{ X#Y, XY € E} < o0. (2.63)

Remark 2.40 By definition we have Lip(f,E) the least constant L € [0, 0] such
that for all x,y € E it holds that:

1F(x) = fFWIl < Lilx =yl (2.64)
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The next proposition establishes the relation of Lipschitz functions to Sobolev
functions.

Proposition 2.41 Let () be a bounded, convex, and open set, and u : 3 — R a
function. Then we have u € W¥*(Q) if and only if Lip(u, Q) < co. In particular,
if u € Wh°(Q) then V][ oy, o3y = Lip(u, Q).

The next theorem due to Rademacher establishes the almost-everywhere
differentiability of W (Q) function.

Theorem 2.42 Any function u € WY*(Q) is differentiable LN-a.e. in Q) and the
differential coincides LN-a.e. with the weak derivative Vu in L* (Q, LN).

2.2.3 Lebesgue-Besicovitch differentiation theorem

This section gives an overview of the results of Lebesgue and Besicovitch on
the differentiation of measures. In addition, it introduces as a consequence
the concept of Lebesgue points.

Theorem 2.43 Let u be a positive Radon measure on an open set QO C RN and v
a R"™-valued Radon measure. Then, for y-a.e. x € supp(u) the limit

e R", (2.65)

exists and defines a Borel measurable function f € [L} . (Q, LN)]™. Moreover,
the decomoposition of v given by the Radon-Nikodym theorem 2.15 is given by
v = fu+v°, where v* = vLLE and E is the u-null set given by

vl (B (x,1))
rlg(r)1+ #(B(x,1)) } (2.66)

E = (Q\ supp(u)) U { & supp(x)

Proof For a proof, see Theorem 2.22 in [3]. U

Remark 2.44 By Theorem 2.43 we have established that the density of v with re-
spect to y is given p-a.e. by

dv v(B(x,r))

d—y(x) = limr_>0+m e R™. (2.67)

The following corollary characterizes the so-called Lebesgue points.

Corollary 2.45 Let u be a positive Radon measure on an open set QO C RN and
f € LY (Q, ). Then for y-a.e. x € Q the following equality holds:

| 1 -
,1553 W(B ) /B(x’r) |f(y) — f(x)|du(y) = 0. (2.68)
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Proof Consider for any q € Q the R-valued Radon measure v, := |f — q| pi.
By Theorem 2.43 we have for p-a.e. x € () the following limit exists:

RACIER)

S By~ ) —al (2.69)

The last equality holds p-a.e.. By the density of Q in R the equation 2.68
follows. O
Remark 2.46 We call the points x € ), where 2.68 holds, the Lebesgue points of
f.

2.2.4 Tangent measures

This section gives an overview of the definition of tangent measures and how
they relate to Radon measures.

Definition 2.47 Let u be an R™-valued Radon measure on an open set QO C RN,
We define for all x € RN and r > 0 the rescsaled measure:

tyy(B) = u(x+rB). (2.70)
Then we define the set of Tan(u, x) of all R™-valued finite Radon measures v on
B (0,1), which are weak™ limits of
1
o Hxr for cxp = [|pl (B (x,7)), 2.71)
X,ri
where (1;);epn C (0,00) is a sequence with lim;_, r; = 0. We call v € Tan(p, x)
a tangent measure to yu at x.
We now consider an example of tangent measures.

Example 2.48 Let u = fLN for some f € L' (RN, LN). Then we note first that
forall r € (0,00) and x € RN a Lebesgue point of f such that f(x) # 0 it holds

dpty

LN (y) = er(x +ry), (2.72)
andasr — 0
ey = (14+0(1)) |f(x)| wnr?, (2.73)
where wy = LN (B (0,1)). Then we find for any ¢ € C(B(0,1)) that:

1 1
lim — Aty (y) = li
20 Cay /B(O,l) PW)dpr () = i G A T Tomr™

[ ANfaemacty) e
B(0,1)

=SB [ pact )

WN
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2.2. Geometric measure theory

This shows that any tangent measure to y at a Lebesgue point x of f, is given by
sign(f(x)) N

WN
Now we give a complete characterisation of tangent measures in terms of
the total variation measure.

Theorem 2.49 Let u be a R™-valued Radon measure on a open set Q C RYN. Let
i = f|lul|| be the polar decomposition of u (see Corollary 2.17). Then for any
Lebesgue point x € Q) of f it holds that:

v e Tan(y,x) < ||v|| € Tan(||u||, x) (2.75)

and the polar decomposition of v is given by v = f(x) ||v||. In particular, we have

Tan(p,x) = f(x)Tan({|p[], x).
Proof For a proof, consult Theorem 2.44 in [3]. O

2.2.5 Hausdorff measures

This next part introduces all the theory used in this thesis pertaining Haus-
dorff measures. For this we generalise the Lebesgue measure wy = LN (B (0,1))
of the N-dimensional unit ball to the following constant for any k € [0, ):

[Tk

v
r(1+4%)

where T'(t) := [;”s'"le *ds is the Euler Gamma function.

wy = (2.76)

Definition 2.50 Let k € [0,00) and E C RN. The k-dimensional Hausdorff
measure of E is given by:

H* (E) == lim HE(E) = sup HA(E), (2.77)
6—0 5>0

where for 6 € (0,00], HX(E) is the k-dimensional Hausdorff measure of E with
step size  and given by

HE(E) = inf{zwk [dian;(Ei)]k

iel

diam (E;) < 6,EC | El} . (2.78)

icl
The index sets I in 2.78 are finite and we have the convention diam (@) = 0.

The next proposition summarizes the most important properties of Haus-
dorff measures.

Proposition 2.51 (i) Forall k € [0, c0) the measures H* on RN are Borel mea-
sures. Moreover, if E € B(RN) with H*(E) < oo the restriction H¥L_E is a
Radon measure on RN,
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(ii) Forallk € [0,00), E C RYN, z € RN and A > 0 it holds that:

H¥ (E+4z) = H* (E) (2.79)
HE(AE) = AFH5 (E) (2.80)
HK(E)=0 ifk>N. (2.81)

(iii) For all 0 < ¢ < k it holds that: H* (E) >0 = H'(E) = co.

(iv) Forallk € [0,00), open set O C RN and for any Lipschitz function f : Q) —
R™ it holds that

HE(F(E)) < Lip(f,Q)*H* (E), VEc Q. (2.82)

. N
(v) (Isodiametric Inequality) LN (B) < wy (dlar;(B)> for all LN-measurable
sets B C RN.

(vi) (LN = HN) For all Borel sets B C RN and every 6 € (0oo] it holds that
LN(B) = HY(B) = HN (B). (2.83)
Proof (i) For a proof of this, see Proposition 2.49 (i) in [3].

(ii) Note that the function E + diam (E )k satisfies both 2.79 and 2.80, there-
fore H* satisfies 2.79 and 2.80. Now let k > N. Note that any unit cube
Q C RY can be covered by n™ unit cubes with side length 1. This
gives us the estimate

2

k
\/N> nN=K, (2.84)

H5(Q) < wy (

for all 6 > @ Then for n — oo (and thus § — 0) we find H*(Q) = 0.
Since we can cover RN with countably many unit cubes, we get by
subadditivity that H¥(E) < H¥(RN) =0 for all E C RN.

(iif) See Proposition 2.49 (iii) in [3] for a proof.

(iv) This is immediate from the inequality diam (f(E)) < Lip(f, Q)diam (E).
(v) See Proposition 2.52 in [3] for a proof.

(vi) See Theorem 2.53 in [3] for a proof. O

We have also the following nice connection between Radon measures and
Hausdorff measures.
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Definition 2.52 Let y be a positive or R"-valued Radon measure on an open set
Q C RN and k > 0. The upper and lower k-dimensional densities of  at x

are respectively given by
M, (2.85)

KBED) ooy @41, x) = limint ¥

O (i, x) := limsu
k(%) p Wit r—0+ wyrk

r—0t

If ©f (1, x) = Ou(p, x), we denote the k-dimensional density of u at x by
Ok (y, x). Furthermore, we define for E C Q) the upper and lower k-dimensional
densities of E at x by

k
@i (E,x) = limsup H(ED Bk(x, ) (2.86)
r—0+ Wit
k
O, (E,x) = liminf T ﬂBk(x’ ") (2.87)
r—07" Wit

If ©{(E,x) = Ou(E, x), we denote the k-dimensional density of E at x by
@k(E,x).

We have the following implication of densities of measures and sets.

Proposition 2.53 Let QO C RN be an open set and y be a positive Radon measure
in Q). Then for any t € (0,00) and any Borel set B C Q) the following implications
hold:

O (u,x) >t YxeB = u>tH"LB (2.88)
@ (u,x) <t Yxe€B = u <2MHFLB. (2.89)
Proof For a proof, see Theorem 2.56 in [3]. O

Theorem 2.54 If u is Borel reqular measure on open set QO C RN, A C Q) a Borel
set with u(A) < oo, then
Oy(LA,x)=0 (2.90)

for HN-a.e. x € Q\ A.

Proof See for a proof Theorem 3.5 in [8]. ]

2.2.6 Rectifiable sets

In this section, we give a short overview of rectifiable sets. In this section,
k < N will always denote an integer. The theory here comes from [3] and

[5].

Definition 2.55 Let 1 < k < N and E C RN a H*-measurable set. Then define
the following:
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(i) E is countably H*-rectifiable if there is a countable collection {f;}ien of
Lipschitz maps f; : RF — RN such that

HE (E\ U ﬂ(]Rk)> =0. (2.91)
ieN
(ii) E is H*-rectifiable if E is countably H*-rectifiable and H*(E) < oo.

(iii) E is locally H"-rectifiable if E N K is H*-rectifiable for all compact subsets
K c R"™

We also define what a rectifiable measure is.

Definition 2.56 Let u be a R"™-valued Radon measure on RN. We say that u
is k-rectifiable if there is a countably H*-measurable set S and a Borel function
0:S — R" such that y = OH*LS.

Now we give criteria of rectifiability of sets.

Proposition 2.57 Let E C RN be H*-measurable.

(i) If E is a Borel set and H*(E) < oo, then E is H¥-rectifiable if and only if
O(E,x) = 1 for H*-a.e. x € E.

(ii) E is countably H*-rectifiable if and only if there exists a sequence {T'; };en of
k-dimensional C! submanifolds of RN such that:

HF (E\ U ri> =0. (2.92)
i€eIN

(iii) E is countably H*-rectifiable if and only if there exists a sequence (T';);cp
graphs T; C RN of Lipschitz functions f; : R — RN=* such that

HF (E\ U rl-) =0. (2.93)

ieN
Moreover, for any € > 0, the Lipschitz functions f; can be chosen such that
Lip(f;, RF) < e.

Proof See for a proof, see, e.g. Proposition 2.76 in [3]. O

2.2.7 Approximate tangent space and tangential differentiability

We are now ready to define approximate tangent spaces for both measures
and sets. We denote in the following by G(k, N) the space of k-dimensional
subspaces 7 C RY. Also, we denote by 7+ the orthogonal complement of
€ G(k N). If it is needed we identify with 7 € G(k, N) the projection
RN — 71 onto 71, also denoted by 7. This will be evident from the context.
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Definition 2.58 Let y be an R™-valued Radon measure on an open set O C RN
and x € Q. Then y has approximate tangent space w € G(k, N) with multi-
plicity 0 € R™ at x, if (rFuy,),>0 locally weak™ converges to 9H* L 7w in RN as
r — OF. If this is the case, we write Tan* (u, x) = OH L 7.

Remark 2.59 Definition 2.58 can be reformulated as follows: u has approximate
tangent space = € G(k, N) with multiplicity 6 € R™ at x if it holds that:

lim r=* /Q ) <y_x> du(y) =6 /ﬂ e(y)dH* (y), Vo € C.(RN). (2.94)

r—0+t r

Moreover, if such an approximate tangent space 7t to y at x exists, then it is unique.
We also note that if u = f ||| and x is a Lebesgue point of f wit respect to || u||,
then we have that v = Tan*(u, x) if and only if ||v|| = Tan*(||u||, x).

We now state a rectifiability criterion for measures.

Proposition 2.60 Let u be a positive Radon measure on an open set Q C RV,
Then the following holds:

(i) If u = OH LS and S is countably H*-rectifiable, then y admits an approx-
imate tangent space with multiplicity 0(x) for H*-a.e. x € S. In particular,
0(x) = Ok(p, x) for H -a.e. x € S.

(ii) If p is concentrated on a Borel set S and admits an approximate tangent space
with multiplicity 6(x) > 0 for y-a.e. x € S, then S is countably H*-rectifiable
and p = OH* LS.

Proof See for a proof, see, e.g. Theorem 2.83 in [3]. O

Definition 2.61 Let E C RN be locally H*-rectifiable and x € E. If it exists, we
define the approximate tangent space to E at x as Tan*(E,x) = Tan*(HFL
E,x), i.e. it must be satisfied that:

lim ¢ (y)dH" (y) =6 / p(y)dH* (y), Ve e C.(RY), (295

T
r—0 E.,

where Ex, = £ for all r > 0 and 7t € G(k, N) is the approximate tangent space
to E at x. In particular, by definition, v has multiplicity 1.

The following proposition establishes the almost everywhere existence of
approximate tangent spaces to locally rectifiable sets.

Proposition 2.62 If E C RN is locally H*-rectifiable, then for H*-almost every
x € E there exists a unique approximate tangent space Tan*(E, x) to E at x.

Proof See for a proof, see, e.g. Theorem 10.2 in [5]. O
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Definition 2.63 Let E C RN be locally H*-rectifiable and f : RN — R™ a
Lipschitz function. We say that f is tangentially differentiable at x € E if
the restriction of f to x 4+ Tan*(E,x) C RN is differentiable at x. We denote by
dEf, : Tan*(E, x) — R the tangential differential of f.

As in Theorem 2.42, we have the following existence result of the tangential
differential.

Proposition 2.64 If E C RN is locally H*-rectifiable and f : RN — R™ is a
Lipschitz continuous function, then f is tangentially differentiable at H*-almost
every x € E.

Proof See for a proof, see, e.g. Theorem 11.4 [5]. O

2.2.8 Area formula

The definitions from the previous section now give us the tools to state the
area formula and its generalization to rectifiable sets. We also fix the following
notation for the Jacobian.

Definition 2.65 Let V, W be Hilbert spaces with dim(V) = k < N = dim(W)
and L : V. — W a linear map. The k-dimensional Jacobian of L is defined as:

JiL = \/det(L* o L), (2.96)

where L* : W* — V™ is the transpose of L.

Theorem 2.66 Let f : R¥ — RN be a Lipschitz function with k < N. Then,
for any LX-measurable set E C RF the function y € RN — HO(EN f1(y)) is
H*-measurable in RN and

HOEN F1(y))dHE (y) = / Jedfodx, 2.97)

RN

If f is injective, we even have that:

HE(f(E)) = /E Jid frdx. (2.98)

Proof For a proof, see Theorem 2.71 in [3]. ]

Using the tangential differential, we can extend this even to locally rectifiable
sets.

Theorem 2.67 Let f : RM — RN be a Lipschitz function and E C RM be locally
H¥-rectifiable. Then the function y € RN — HO(EN f~(y)) is H*-measurable
in RN and

HOEN f1(y))dHE (y) = / Jed® £ d M (). (2.99)

RN
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If f is injective, we even have that:

HEFE) = [ Jdfudb (o). 2.100)
E
Proof For a proof, see Theorem 2.91 in [3]. O

2.2.9 Coarea formula

The purpose of this final section is to establish the coarea formula. First, we
introduce the coarea factor

Definition 2.68 Let V, W be Hilbert spaces with dim(V) = N > k = dim(W)
and L : V — W a linear map. The k-dimensional coarea factor of L is defined
as:

CyL = y/det(Lo L), (2.101)

where L* : W* — V* is the transpose of L.
The coarea formula states the following.

Theorem 2.69 Let f : RM — R be a Lipschitz function and let E C RM be lo-
cally HN-rectifiable. Then the function t — HN"F(EN f~1(t)) is LN-measurable
in RK, EN f=1(t) is locally HN"*-rectifiable for L*-a.e. t € R and

/E CedEf YN (x) = /IR HNE (E N f*l(t))dt. (2.102)

Proof For a proof, see Theorem 2.93 in [3]. ]
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Chapter 3

Functions of Bounded Variation and
Sets of Finite Perimeter

This chapter introduces the main concepts from the theory of functions of
bounded variation and sets of finite perimeter, which will be fundamental when
talking about sets of minimal perimeter. We will follow the exposition given
in [3] and [5]. In this chapter, we fix the ambient space RN for some N € IN.

3.1 The space of functions of bounded variation

We will start by defining and exploring the properties of the space of func-
tions of bounded variation.

Definition 3.1 Let O C RN be an open set, and u € L' (Q, LN). u is called
a function of bounded variation in Q) if there exists a finite RN-valued Radon
measure Du = (Dqu, - - - ,Dnu) on Q, such that the following satisfied:

/ udiv (¢) dx = —/ ¢-dDu, V¢ < [CZ(Q)N. (3.1)
0 0

The vector space of all functions of bounded variation in () is denoted by BV (Q}).
Hence, we will refer to Du as the distributional derivative of u.

Remark 3.2 Let u € BV (Q) and let ¢ = (¢1, -+ ,¢on) € [CH{Q)]N or ¢ :
Q — RN be a Lipschitz function. Then, we can consider the function @, = (¢ *
Pe, QN * Pe) for a family () e g o0) Of mollifiers. We note that ¢, € [Ce(O)N
and by the continuity of ¢, we have ¢. — ¢ uniformly on compact subsets of () as
e — 07 (see Proposition 2.33 (v)). Then by 3.1 we have the following:

/ udiv (@) dx = —/ ¢-dDu, Vo, <€ [C®(Q)]V. (3.2)
0 0

By Proposition 2.33 (iv), div (@) = div (@) * p. and div (@) is LN-a.e. defined
(by Rademacher). Moreover, by the continuity of div (¢) we have that div (¢;) —
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div () uniformly on compact subsets of Q as ¢ — 0%. Thus, passing 3.2 to the
limit as ¢ — 0%, we find that 3.1 is satisfied for all ¢ € [CL(Q)]N and for all
Lipschitz functions ¢ : QO — RN,

Remark 3.3 We note that 3.1 is equivalent to that it holds for alli =1,--- ,N:

/ ua—q)dx = —/ edDju, Y¢ € CZ(Q). (3.3)
o X Q

The next proposition establishes some basic properties of the distributional
derivative of a function of bounded variation.

Proposition 3.4 Let u € BV (Q). Then following properties hold:
(i) If Du = 0, then u is constant on any connected component of ().

(ii) For any Lipschitz function i : Q3 — R we have that uyp € BV (Q)) and:

D(uy) = ¢pDu + (u @ V)LV, (3.4)

(iii) If (Pe) ee(0,00) 15 @ family of mollifiers, then it holds for every ¢ > 0 and in Q)
that
V (u x pe) = Du * pe. (3.5)

Proof (i) Assuming (iii) in Proposition 3.4 is true, we can consider the
smooth functions u, = u * p.. We know by Proposition 2.33, that 1, —
uin L' (Q,£LN) as ¢ — 0T. Moreover, we see by (iii) that Vu, =
0 under the assumption Du = 0. By passing to the limit, we find
that on connected components of (), we must have that u is equal in
L' (O, £N) to a constant.

(ii) We use 3.4 to verify 3.1 for ugp. Let ¢ € [C®(Q)]N. Then we compute
the following:

/Qq)-dDmp:/ng-d(lpDu%—(u@th)L’N)
:/¢¢-dDu+/u¢-V¢dx
Q Q
) —/Qudiv(lpq)) dx—l—/ﬂuqo-ledx
(z2) —/u¢div(¢) dx—/Qu(p-ngdij/Qu(p-ledx

= —/ updiv (@) dx.
Q

—~

(3.6)
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At (x) we used Remark 3.2 applied to the Lipschitz function ¢ :
Q — RY; and at (*,x) we used that ¥ is almost everywhere differen-
tiable and so the identity div (p¢) = ¢div (¢) + ¢ - V¢ holds almost
everywhere. This proves that up € BV (Q)) and the identity 3.4.

(iii) We use 3.3 to verify 3.5. For this we note that p, € C°(Q)) and is sup-

ported on ). So for any x € (), we find that for everyi =1,--- ,N:
(Diju * pe) (x /pgx— )dD;u(y)
3.3 0
2 [ ) E =y

0

u(x—y) 3 (v)dy (37)
dpe

= (u*a‘zl (x)

— - (wep)(3),

S~

This shows that Du * p, = V(1 * p¢) on Q..

Now we introduce a different way of thinking about functions of bounded
variation via the so-called variation of a function.

Definition 3.5 Let u € L}

1 (Q, LN, The variation of u in Q), denoted by
V(u,Q)), is defined by

V(u, Q) == sup {/Q udiv (¢) dx

Remark 3.6 We note that for V(u, Q) > 0. In fact, since any constant vector field
@ € [CHQ)IN with |||, < 1 satisfies 0 = [ udiv (@) dx < V(u,Q).

¢emxmwwwws@. (3.8

Remark 3.7 Consider u € C'(Q). Then for every ¢ € [CL(Q)]N with ||¢||,, we
find by the idenitity div (up) = udiv (¢) + ¢ - Vu:

/udiv(go)dx:/div(u(p)dx+/ ¢ - Vudx
0 0 0

(;)/ u(p-vagdx—/(p-Vudx
a0 Q 3.9)

At (%) we used the Gauss’ divergence theorem and at (xx) we used that ¢ is
compactly supported in Q).
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This shows that V(u, Q) < [ ||Vu||dx. But also note that if we consider ¢ =

HWH we get the equality 3.9 and so V(u, Q) = [ ||Vul| dx.

Remark 3.8 We see that V(u, A) is defined for every open subset A C Q. Then
we can extend V(u, B) := inf{V(u, A) | A D B open} to a Borel measure V(u,-)
on Q).

The next proposition establishes the lower semicontinuity of V (-, ).

Proposition 3.9 Let (up),eny C BV (Q)) be a sequence that converges to u €
L (Q,LN) in L] (Q, LN). Then it holds that:

loc

V(u,Q) < li}rln inf V(uy, Q). (3.10)
—» 00

Proof Let ¢ € [C1(Q))] with | ¢|. Then by Fatou’s lemma 2.23 and the
L} .-convergence u, — u we find that:

/ udiv (¢) dx = lim uy,div (@) dx
Q h—eo
Fat
L liminf [ wdiv (@) dx (3.11)
h—c0 O

< liminf V(uy,, Q).
h—o0

Considering the supremum over all such ¢ € [C}(Q))], we can conclude our
proof. O

Now we characterize the space BV (Q)) in terms of V (-, Q).
Proposition 3.10 Let u € L' (Q, LN). Then it holds that:

ueBV(Q) < V(u,Q) < oo. (3.12)
Moreover, V(u,Q)) = ||Dul| (QQ) for all u € BV (Q3).

Proof Assume that u € BV (QQ). Then, by Remark 3.2, for any ¢ € [C}(Q)]N
with ||¢]|,, < 1it holds that:

/udiv(go)dx:—/(p-dDu

o) 0

< /go-dDu
0

< [ lolodfpul

[ull<1

< [[Dul|(Q) < e,

(3.13)
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where we used in the last step that Du is a finite RN-valued Radon mea-
sure.

Conversely, assume that V(u,()) < co. We first note that the linear func-
tional

Lo: g e [CHOQ)N /Q udiv () dx (3.14)

is a bounded linear functional, as ||Lo| < V(u,Q) < oo by definition of
V(u,Q)). By the Hahn-Banach theorem, there exists a bounded linear func-
tional L : [C.(Q)]N — R such that L(¢) = Lo(¢) for all ¢ € [CL(Q)]N,
and ||L|| < V(u,Q). By Riesz’ theorem 2.25, there exists a unique finite
RN-valued Radon measure u on (), such that for all ¢ € [C(Q)]N we have:

/udiv((p)dx:/ ¢ -dy, (3.15)
0 0

and [|u]| () = |IL|| < V(u,Q). Hence, u € BV (Q) with Du = —pu. More-
over, we have ||[Du| (Q) = ||u]| () < V(u, Q). O

The space BV (Q)) of functions of bounded variations in () is in fact a Banach
space endowed with the norm

lullpyi = /Q ju| dx + |[Dul| (€Q). (3.16)

This is justified by the next proposition.

Proposition 3.11 Let QO C RN be an open set. Then (BV (Q)), vy is a
Banach space.

Proof We only need to check the completeness. Let (uy),.ny € BV (Q))
a Cauchy sequence with respect to the norm |[{|/5y (). By completness of

L' (), £N), there is a function u € L' (Q), LV) such that [, [uy — u|dx 280,
Now by lower semicontinuity of V (-, ()) wit respect to L] -convergence, and
hence with respect to L!-convergence, and Proposition 3.10 we find that for
any h € IN

1Dy — ) || () =V (up, — 11, )
< liminf V (i, — ). (3.17)

As h — oo, the last term in the above computation goes to 0, as (uy,),cp is

Cauchy in BV (Q2). This shows that [[uy — u|| gy @) "Z80, O

The next theorem will be vital in the theory of sets of finite perimeter, as it
allows approximations by smooth functions.
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Theorem 3.12 Let u € L' (Q, LN). Then, u € BV (Q) if and only if there is a
sequence (uy),epny C C°(QY) such that ||uy — ul|, "28° 0 and

L := lim / IVuy| dx < oo. (3.18)
h—oo JO)

Moreover, if u € BV (Q), then L = ||Du|| (Q)).

Proof Assume first that we find a sequence (uy),c C C*(Q) satisfying
3.18 such that u;, — u in L' (Q, LN) as h — co. Note that for all h € N we
have that:

HwhﬁNH (Q) = /Q |V iy]| dx < oo, (3.19)

as uy, are compactly supported. Then, up to extracting a subsequence, by
Theorem 2.22, we can assume that Vi, LN locally weak® converges to some
finite RN-valued Radon measure y such that ||u|| () < L. By integration by
parts using for each 1 € IN and every ¢ € [C°(Q)]N the identity div (u;,¢) =
updiv (@) + ¢ - Vuy, we obtain the following:

/uhdiv(qo)dx:/div(uhgo) dx—/ ¢ - Vudx
0 0

©_ / ¢ - Vuydx,

where at (x) we used the divergence theorem and that u;,¢ must vanish at
the boundary by compact support. Now passing 3.20 to the limit as 1 — co,
we find that for all ¢ € [CZ(Q)]N:

/Qudiv /qo du. (3.21)

This shows that u € BV (Q) and ||[Dul| (Q)) = ||u| (Q?) < L.
Conversely, assume that u € BV (Q)). For any 6 > 0 we can construct a
function v; € C*(Q) such that

(3.20)

/ |u —vs|dx <6 (3.22)
O
/ IVos| dx < [[Dul] (Q) + 6. (3.23)
Q
Indeed, let 5 > 0. Note that we can find a countable family {Q, };en such
that QO = Upen i, for every x € Q) we have [{h € N | x € O, }| < 4 and
), C O has compact closure. To this end, consider
Q1 = {x eQN(B(0,k+1)\B(0,k— 1))‘d(x,80) > ;} (3.24)
_ 1 1
(3.25)
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where k > 1 and p > 1 are integers and B (0,0) := 0. This defines such an
open covering of (). So choose now a partition of unity (@), subordinate
to the cover {Q }ren of Q). Let (0¢) e (g,c0)- For any h € N we can find e, > 0
such that supp((ugy) * pg,) C Q) and

/Q |(tpp) * e, — tigp| + |(u @ Vp) *pe, —u® Vey|dx <275, (3.26)

Then we set v5 = Y e (U@y * pg,. This function is smooth and, by choice
of g, it follows that [, |u — vs|dx < 8. Now by Proposition 3.4 (ii) and (iii)
we can evaluate ||Dos|| (Q):

Vos =Y V((ugy) *pe,)

heN
= ) D(ugy) *pe,
helN
(3.27)
= ) (@uDu) *pe, + ) (u@ Vy) * pe,
heN heN
= ) (gnDu) xpe, + ) [(u @ Vey) *pe, — (4 ® V)]
helN helN
Using 3.26 and 3.27 we find that:
[Des] Q) = [ [V dx
<+ Y [ pulDu| (3.28)
helN
=0+ |[Du|| ().

This proves the existence of our desired smooth functions vs for every 6 > 0.
Consider now 6, = 27" and u;, = vs,- Then we find that by 3.24 and 3.25:

lim [ |up —u|dx=0 (3.29)
h—oo JO
limsup [ |[Vuy| dx < |Dul| (Q)). (3.30)
h—o0 O

By the lower semi continuity of variation, we can infer that ||Duy,|| (0) con-
verges to ||Dul| (). Thus, ||Dul| (QQ) = L. O

Remark 3.13 Theorem 3.12 in fact shows that BV (Q) is a Banach algebra with
pointwise multiplication. Indeed, if u,v € BV (Q), by Theorem 3.12 we can

find sequences (up)yen , (Vn)pen C C(Q) such that [[up — ul| gy "2 0 and

lon — 2l gy () "2£°0. We then see that (upop)pen is sequence ofsmoothfunctzons

and we have that

h—o0
u(v, —v — 0
[u(vr = 9) gy () (3.31)

h—o0
[ (un —w)ollgy () — O
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Hence, we find that:

||lupop — uvHBV(m = |\upvy — uoy, + uvy — ”UHBV(Q)
< |lu(on = o)l gy () + I (un — u)ollgy () (3.32)

h— o0

= 0.

So by Theorem 3.12 we have uv € BV (Q}).
Furthermore, we have by Theorem 3.12 and Holder’s inequality':

[uol gy () = lluoll; +[[D(u)[| ()

< Nl ol + Jim [ 19 (m00)] dx
< Nl ol -+ Jim | fnd [Vl + [ fou] 9] i

< Nl ol s Jim [ [ Foull e+ o] Jim [V dtx

= llully l[olly + [lully IDo]] () + [[o]l, [Dul| (€2)
< (lully + [IDul| (1)) (o]l + [[Dol| (€2))
= H”HBV(Q) HUHBV(Q)'
(3.33)

This shows that BV (Q)) is a Banach algebra.

3.1.1 Extension domain

Sometimes, it is useful to extend u € BV (Q) to the whole of RN. This is
possible in the so-called extension domains.

Definition 3.14 A open set (3 C RN is an extension domain if 9Q) is bounded
and for any open subset A O Q) if there exists a bounded linear operator T :
BV (Q)) — BV (RN) such that

(i) T(u) =0 LN-a.e. on RN\ A forall u € BV (Q).
(ii) ||DT(u)|| (0Q2) =0 for all u € BV (QQ).

(iii) For any p € [1,00], the restriction of T to WYP(Q) is a bounded linear map
WP (Q) — WIP(RN).

17f % + % =1forp,q€[0,00] and f € L (X, u) and g € L1 (X, u), then

178l < [I£1l, llgllg -
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Remark 3.15 It should be noted that in (iii) we used the fact that W' (Q) is a
subspace of BV (Q). Indeed, if u € WYP(Q)) we know that there exists Vu =
(Vau, -+, Vu) € [LP (Q, LN)IN such that for all ¢ € CX(Q) and any i =
1,---, N it holds that

/uaq)dx: —/ eVudx. (3.34)
o 9% @)

Hence, we see that VulN is a finite RN-valued Radon measure satisfying 3.1.
Thus, u € BV (Q) with Du = VulN,

The is a class of open sets in RY, which are all extension domains, and are
reasonably regular: open sets with compact Lipschitz boundary. In particular,
these will include all open balls in RN.

Definition 3.16 Let Q) C RN be an open set. We say that Q) has Lipschitz
boundary if for each p € 0Q) there exists r, > 0 and a Lipschitz function ¢, :
RN=1 — RN such that up to orthogonal transformation it holds that:

dONB (p,rp) ={(y1,- - yn) [ ¥p(y1,- -+ ,yn—1) =yn} OB (p,7p)
QNB(prp) = {1 yn) [ Py, yn-1) <yn}NB(p.7p).
Example 3.17 Let R > 0. Then, B(0,R) has the Lipschitz boundary. Indeed we
can write B (0,R) = B™(0,R) U B~ (0, R), where
B*(0,R) = {(y1,- - ,yn) € B(0,R) [ yn > 0}
B7(0,R) = {(y1,---,yn) € B(O,R) [ yn <0},
Note that then 9B (0,R) = dB*(0,R) UdB~(0,R). We define the Lipschitz

functions p : RN"1 — R by ¢.(y) = +1/R2— ||ly|*>. Then we can choose
for every p € dB*(0,R) a radius r, > 0 such that for all y = (y1,--- ,yn) €
B (p,rp) we have yn > 0. Now we note that then:

(3.35)

(3.36)

dB(O,R)NB (p,rp) ={(y1, - yn) [+ (v, ,yn-1) = yn} N B (p,1p)

= {
B(0,R)NB(p,rp) ={(y1,---,yn) [ ¥+ (y1,--- yyn-1) <yn} N B (p,7p) .
(3.37)

Analogously, we get the same for p € dB~ (0, R) with y_. This shows that B (0, R)
has Lipschitz boundary. Moreover, by translation and scaling (both Lipschitz trans-
formations), this also shows that B (x, R) has Lipschitz boundary for any x € RN
and R > 0.

The next proposition says that any open set with compact Lipschitz bound-
ary is an extension domain.

Proposition 3.18 Any open set QO C RN with compact Lipschitz boundary is an
extension domain.
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Proof For a proof of this, see Proposition 3.21 in [3]. O

To finish this introduction to the space of functions of bounded variation,
we state and prove here a compactness theorem. For this we denote by
BVioc (Q) the space of functions of locally bounded variation, that is, u €
BVioc (Q) if u € L} (O, CN) and for every open subset A CC Q) it holds

loc

that u|4 € BV (A).

Theorem 3.19 Any sequence (up),cpn € BVioe (Q) with
sup {IluhIIBV<A)(h € JN} < oo (3.38)

for every open A CC Q), admits a subsequence (uy, )xeN converging in Lfoc (Q, LN)
to some u € BVio (Q). Moreover, if Q) is a bounded extension domain and
(up)pen € BV (Q) any bounded sequence, then the subsequence (up, )xen con-

verges in L' (Q, LN) to u € BV (Q) and (Duy, )xew weak™ converges to Du.

Proof See the proof of Theorem 3.23 in [3]. O

3.2 Sets of finite perimeter

In this section, we introduce the so-called sets of finite perimeter, using of
course all the properties of functions of bounded variation. We follow here
the exposition of [3] and [5].

Definition 3.20 Let E C RN be LN-measurable. For any open set O C RN the
perimeter of E in Q) is defined as P(E, Q) := V(xg, Q), i.e.

P(E, Q) == sup {/Ediv((p) dx|g € [CHOY, 9]l < 1} . (3.39)

We say that E is a set of finite perimeter in Q) if P(E,Q)) < oo. We say that E is
a set of locally finite perimeter in ) if E has finite perimeter in every bounded
open set A C Q).

The next proposition will illustrate the connection between sets of finite
perimeter and functions of bounded variation even further.

Proposition 3.21 Let QO C RN be an open set. Then, for every set E of finite
perimeter in Q) the distributional derivative Dxg is a finite RN-valued Radon mea-
sure on Q). Moreover, if Dxr = vg ||Dxk|| is the polar decomposition of DxE, then
P(E, Q) = |Dxgl| () and the generalised Gauss-Green formula holds:

[aiv(@yax=— [ puedDxel, Vo). G40
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3.2. Sets of finite perimeter

Remark 3.22 Note that if E has C' boundary within Q such that HN-1(Q N
0E) < oo, then E has finite perimeter in Q). Indeed, by the divergence theorem we
have for all ¢ € [CL(Q)]N that

/div(go) dx = —/ @ vpdHN T, (3.41)
E QNIE

where v is the inner unit normal to E inside Q). Clearly, we have —vg € [CL(Q)]N
with ||vgll, = 1 and therefore we find by taking the supremum over all ¢ €
[CHO)IN with ||¢||, < 1in 3.41, we find that

P(E,Q) = /Q v ved MY = 1Y (QNIE), (3.42)

Proof (Proposition 3.21) We note that xg € L] . (Q, LN), so we must have

loc

XE € BVioe (QQ). So for every open subset A CC () we have that:
IDxEll (A) = V(xe, A) < V(xe, Q) = P(E, Q). (3.43)

The generalized Gauss-Green formula is just a reformulation of xg € BVjo (Q))
in terms of polar decomposition. g

We now define the modes of convergence of sets of finite perimeter.

Definition 3.23 Let (Ej),,c be a sequence of LN-measurable subsets in RN and
E C RN LN-measurable.

(i) We say Ej, converges to E in () if xg, converges to xg in L (Q, LN).

(ii) We say that Ey, locally converges to E in Q) if x, converges to xg in L| _ (Q, LN).

loc

The next proposition summarizes the properties of the perimeter.

Proposition 3.24 (i) The function E — P(E, Q) is lower semicontinuous with
respect to local convergence in Q). Moreover, the map Q) — P(E,Q)) is the
restriction to open sets of a Borel measure on RN,

(ii) If LN(Q N (EAF)) = 0, then P(E,Q) = P(F,Q).
(iii) P(E,Q) = P(RN\ E, Q) and

P(EUF,Q)+P(ENF,Q) < P(E,Q) + P(F,Q). (3.44)

Proof (i) If (Ej),cn converges locally to E in (2, we have that xg, hope XE
in L1 (Q, LN ) So by Proposition 3.9 we have that

loc

P(E, Q) = V(xe, Q) < liminfV(xg,, ) = liminf P(E;, ). (3.45)
— 00 —00
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(ii) Since LN(Q N (EAF)) = 0, it follows that LN(Q N (E\ F)) = £N(QN
(F\ E)) = 0. Then, for every ¢ € [C}(Q)]N with ||¢],, < 1 we find
that:

/ div (¢)dx = div (¢) dx + div (¢) dx
E E\F ENF

= div (¢) dx + div (¢) dx (3.46)
F\E ENF

= /Fdiv(q)) dx

Hence, taking the supremum over all such ¢, we find P(E, Q) =
P(F,Q).
(iii) By Theorem 3.12 we can find sequences () pen » (On)pen € C2(QY)
such that u, — xg and v, — xr in L} . (Q, LN) as h € o and

lim/ Vi dx = P(E, Q)
(3.47)
hm/ IVou|| dx = P(F, Q).

Then, we note that (uhvh)heN converges to xenr and (uy, + vy — Upvy) peN
converges to xgnr in L] (Q, £V) and we have that

L 1wl dx [ 1V 40 - o dx
O (9]

< [ Ivuldr+ [ Vo ax
Q (@]

Now, passing to the limit as & — co, we conclude 3.44.
For the other statement we note that gy g = 1 — x¢ and hence for

every ¢ € [CH(Q)]N with ||¢|, <1 we find that:

/]RN\QdiV(go) dx:/Qdiv((p) dx+[£div((p) dx
:/ q)-vagdx+/div(q)) dx (3.49)
a0 E

= /Ediv((p) dx

So, by taking the supremum over all ¢ € [C}(Q)]N with | @], <1 we
get (RN \ E, Q) = P(E, Q).

(3.48)

As a direct consequence of Theorem 2.18 we have the following compactness
result of sets of locally finite perimeter.
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Theorem 3.25 Any sequence (Ej),p of LN-measurable sets in RN such that

sup P(E,, A) < 00, VA CC Q open, (3.50)
helN
admits a subsequence (Ejp, )ken locally converging in Q). If LN(Q) < oo, then we
have the convergence in Q).

Next, we tackle the coarea formula for functions of bounded variation. For
this we adopt the following notation for function u : (3 — IR reminiscent of
classical probability theory

{u>t}:={xcRN|u(x) >t}
{u<ty={xeRY ux) <t}
{u>t}={xcRY|u(x) >t} (3.51)
{u<t}={xeRN|u(x) <t}
{u=t}={xecRY |u(x) =t}

Theorem 3.26 For any open set O C RN and u € L _(Q, LN) it holds that
V(u,Q) = / P({u > t},Q)dt. (352)

In particular, if u € BV (Q), the set {u > t} has finite perimeter in Q for L-a.e.
t € R and for every Borel set B C Q)

Dl (8) = | [P
—eo (3.53)

DM(B) = / DX{u>t}dt~

Proof We first note that since the integrals in Theorem 3.26 are invariant un-
der modifications of # on £N-null sets, we can assume u is Borel measurable.
Then, the map (x,t) — x{u> (x) is Borel measurable.

Now suppose u € C!(Q). Then we have by Sard’s theorem that HN~"1(EN
{u=1t}) =0 for L'-a.e. t € R. Hence we can infer that

P{u>t},Q)=HN"T({u=t}), VL'-ae teR. (3.54)

By the coarea formula for Lipschitz functions (Theorem 2.69) we then de-
duce that

/oo P({u > t},Q)dt — /w HN(fu = }) dt

/ Cidu,dx

= [ Ivulax

=V(u, Q).

(3.55)
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This proves 3.52 for u € C'(Q)). Now we show it for u € L{._ (€, £N) Borel
measurable. First we note that it holds for all x € Q.

0 0
u(x) = / Xiwory (X)dE — / 1~ Xpon (0)dt. (3.56)

So for any ¢ € [CL(Q)]N with ||¢|, < 1 we have that since the integral of
div (¢) vanishes on ():

[ udiv (p) s = [ ([ (e div (g) (e

= /Q)({u>t}(x)div (@) (x)dxdt (3.57)

S/ P({u>t},Q)dt.

So, taking the supremum over all ¢ € [C}(Q)]N with |¢||,, < 1, we find
that V(u, Q) < [ P({u > t},Q)dt.

Now, we may assume that V(1,(2) < oo, as otherwise the equality in 3.52
is trivial. We may also assume that u € £!(Q), otherwise we can argue by
covering () with sets, whose closure is compact in (). Under these assump-
tions, we have u € BV (Q), By Theorem 3.12, we find a sequence (uy);,cn
converging to u in BV (Q). This means that {u; > t} converges to {u > t}
in (). By the lower semicontinuity of perimeter, we find that

/ P({u>t},Q)dt§/ lim inf P({u, > t},0)ds
00 —r 00

—00 —
(o]

< liininf P({uy > t},Q)dt
—00 — 0

_ liminf | Duy | (Q) (3:58)
h—c0

= ||Du]|

ueBi(Q) V(Ll Q)

This shows that [ P({u > t},Q)dt < V(u, Q).
Now, let B C Q) be a Borel set and u € BV (Q)). Then we have by the above:

|Dul| (B) = / P({u > t}, B)dt
e (3.59)
”EB;/(Q)/ DX usty || (B)dt.
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Next, we find for allg € [CZ(Q)]V, that:

/ ¢ -dDu = —/ u(x)div (¢) (x)dx
0 0

—— [ ([ e ) div (9) ()

(3.60)
= / / X{u>t} le (QD) (x)dth
= /_w/()Q"dDX{u»}df-
This shows that Du(B) = [, Dy, (B)dt. O

3.2.1 Isoperimetric inequalities

In this short excursion, we will go over the isoperimetric inequalities and the
Poincaré inequalities of functions of bounded variation. For this purpose we
will define the mean value uq, of a function u € L! (), LN) by

. - 1
uq = ]{)u(x)dx = N /Qu(x)dx. (3.61)

The following first theorem controls the difference between a function of
bounded variation and their mean value, at least in L1 (Q, LN )

Theorem 3.27 Let QO C RN be a bounded connected extension domain. Then,

there exists C = C(Q) > 0 only depending on Q) such that
/ 4 — ua|dx < C |[Dul| (Q), Vu € BV (Q). (3.62)
0

Proof Assume for the sake of contradiction that there exists a sequence

(up)pen C BV (Q) such that [ |uy — (up)a| dx > h ||Duy|| (Q) forall h € N.

We note that both sides of the inequalities are homogeneous of degree 1. Set
now for every h € IN:

_up—(up)a
0= T ey € BV (), (3.63)

Then the functions v, € BV (Q)) satisfy the following:

o8 =
1 _pN _
/thdx— T Tin = (un)al dx </Quhdx L (Q)(uh)g> =0 (3.65)
h
(

NEE /Q up — (up)a|dx =1 (3.64)

h |[Doy| (Q) =

[Duy | (Q) < 1. (3.66)

Ja lun — (up)a| dx
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This shows that forall 1 € N that [|oy ||y () < 1+ 1, thatis sup;, . [|on lBv() <
1 and so (vy),en € BV (Q)) is a bounded sequence. Since () is a bounded
extension domain, we can conclude by Theorem 3.19, that up to restricting
to a subsequence, (v},),,cpy converges to some v € BV (Q) in L! (Q, £N) with
Jolvldx =1 and [, vdx = 0. But, since ||Dy,|| () < } for all h € N. By
lower semicontinuity of variation and Proposition 3.10 it must follow that
|IDo|| ((2) = 0. By Proposition 3.4 (i) and since Q) is connected, it follows
that v is constant on Q). As [, |v|dx = 1 we must have v # 0. But then
Jovdx = voLN(Q) # 0 for some constant vy # 0. This is a contradiction,
as by our construction [, vdx = 0. This proofs the existence of a constant
C = C(Q)) > 0 as claimed in Theorem 3.27. O

A useful corollary of Theorem 3.27 is it application to open balls in RY.

Corollary 3.28 For every x € RN and r > 0 it holds that:

/B(x,r)

where y1 > 0 is a constant only depending on the unit ball B (0,1). In particular,
for any set E C RN of locally finite perimeter in RN, it holds that for all x € RN
and r > 0 that:

U — Up(yy | dx < yp7 |Dul| (B (x,r)), Yue€ BV (B(x,r)). (3.67)

P(E,B (x,r)).

N (3.68)

min{(XE)B(x,r)rl - (XE)B(x,r)} <m
Proof Note first that with any u € BV (B (x,r)) we can identify the function
up € BV (B(0,1)) defined by uo(y) := u(x + ry). This function satisfies
(using at (*) the substitution y — x + ry)

(» 1 /
u = — u d
(O)B(O,l) wn Jr01) o(y)dy
1
= — u(x +ry)d
WN JB(0,1) ( y)dy (3.69)
1
= u(y)d
riN /B(x,r) <y) Y
= UB(x,r)s

and there is a constant ; > 0 only depending on B (0,1) such that

/3(01) ‘uo - (MO)B(O,l)‘ dy < 71 |[Duo|| (B(0,1)), Vu € BV (B(x,1)).

(3.70)
Now, first suppose u € C!(B (x,r)). We note that by substition at (x) and
chain rule at (xx) we have

()1
u —(u d 0/
o 1100~ w0l | a0 % [

u(y) — UB(x,r) dy, (3.71)
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and

(%)
/ [Vuo(y) |l dy = r/ [Vu(x +ry)| dy
B(0,1) B(0,1)

-~ Vu dy.
e [, Pl dy

Using 3.71, 3.72 and Remark 3.7 in 3.70 we find that for all u € C'(B (x,7))
it holds that:

/B (x,1)

(3.72)

—

u(y) — UB(x,r)

dy = [ uoy) ~ (w0)ao | v
B(0,1)
< ™ [Duo] (B(0,1))

= /B IROZOIEY (3.73)

_ .~ 1 /
=mr o) [Vu(y)| dy
= 717 || Dul| (B (x,7)).

This proves 3.67 for all u € C}(B(x,7)). Now, let u € BV (B (x,r)). Then,

).
there is a sequence (1y),cpy € C¥(B (x,7)) such that uy, "2X yin ! (B (x,r),LN)
and limy,_,«, [|Duy|| (B (x,7)) = ||Dul| (B (x,7)). Then it follows that

/B(x,r)

dy

dy = lim

h—o0 B(x,r)

< lim y17 ||Duy|| (B (x,7))
h—o0

U — UB(xr) Up — (uh)B(x,r)

(3.74)

= 117 |[Dul] (B (x,7))-

Let now E C RN be a set of locally finite perimeter. We note that we
have xg € BV (B(x,r)) for all x € RN and r > 0. Then (Xg)p(x,

) ==
LN x,r
% and (Xr\£)B(xr) = 1 — (XE)B(xr)- We note that (xe)py) < 3

or 1 — (XE)p(xy) < 3 depending on which of EN B (x,r) and B (x,r) \ E has
smaller £N-measure. So it follows that:

Z(XE)B(x,r)(l _ (XE)B(X,I’))ﬁN(B (X, 1")) < /B(x "

XE— (XE)B(xr) | dY

e IDxel (B (x,r)) @7
321 71rP(E, B (x,71)).

Now, we note that for ¢ € [0,1] it holds that min{t,1 —t} < 2#(1 — ) and
ast = (XE)B(xy) € [0,1] it follows that:

min { (X )s(an) 1= (E)a(on | < oy P(E, B (1,7)). (3.76)
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This ends the proof of the corollary. 0

Remark 3.29 The corollary 3.28 also holds for open balls in any other norm ||||
on RN up to changing the constants v, and wy to the corresponding constants
depending on the unit ball in norm ||||.

Now, with this, we are able to prove the isoperimetric inequality.

Theorem 3.30 Let N € IN and N > 1. For any set E of finite perimeter in
RN it holds that either E or RN \ E has finite LN-measure and the isoperimetric
inequality holds:

min {EN(E),LN(IRN \ E)} < 1, P(E,RN) %, (3.77)

where v = y2(N) > 0 only depends on N.

Proof Denote for any x € RN and r > 0 by Q(x,7) the open cube with
center x and side length 27, that is, the open ball about x of radius r with
respect to the norm ||y||,, = max;_ .. N |yi|. By Remark 3.29 and Corollary
3.28 there is a dimensional constant ¢ > 0 (depending only on Q(0, 1)) such
that

. c
min {(XE)Q(X,?)Il - (XE)Q(x,r)} < T-NiflP(E’B (x, 7’)) (378)

We fix now r = [3cP(E,RN)]¥1. Note that (x&)gu,) < 3, if LN(EN
B(x,r)) < LN(E\ B(x,7)), and (XE)q(xs) = 3/ if EN(EﬂB(x,r)) > LN(E\
B(x,r)). If LN(EN B(x,7r)) < LN(E\ B(x,r)), then we find that by 3.78 we
get

LN(E ,
( (;?N(x D~ e € g PEQER).  (79)

Now we may cover £N-almost all of RN by countably many disjoint open
cubes {Q(xp, 7) }pezn- By 3.79 we find that

LY(E) =} LN(ENQ(xy 1))

hezN

< 2Ner Z P(E,Q(xp,7))

hezZN
< 2NerP(E,RN)

= 2N¢[3¢P(E,RN)| 1 P(E,RN)
= 2N3v1ev T P(E, RN) v,

(3.80)

If, on the other hand, £LN(EN B(x,r)) > LN(E\ B(x,r)) we can apply the
same argument to RN \ E and it will yield the same result. So we can choose
o = 2N 381¢NT for the constant postulated in Theorem 3.30. O

50



3.2. Sets of finite perimeter

Theorem 3.31 Let N > 1and u € L} _(Q, £N) with V(u,RN) < co. Then
there exists m € R such that

lu—mll x <73V (1,RY), (3.81)
for some constant 7y3 = y3(N) depending only on N. If u € L' (RN, LN), then
m=0,u € BV (RN) and lull x, < s [[Dul] (RN). In particular, the embedding
BV (RN) — LNT (RN, £N) is a bounded linear operator.

We need the following lemma to prove Theorem 3.31.

Lemma 3.32 For every p € [0co) and decreasing function g : (0,00) — [0, 00) it
holds for all T > O that

T T . P
p/o g(s)sP1ds < (/0 g(s)ﬁds) . (3.82)

Proof Note that if 3.82 holds for a bounded decreasing g, it must hold for
any decreasing g¢. Indeed, if that is the case, we can take decreasing ¢ and
approximate it from below by g := min{g, k} and apply 3.82 to gx and
conclude 3.82 for g by passing to the limit and the monotone convergence
theorem 2.12 (i). So assume g is decreasing and bounded. Define now for
any t € [0, 0)

v =p [ g s

o) = ([ glortas)

Then, we have ¢(0) = ¢(0) = 0, ¢, ¢ absolutely continuous in any bounded
subinterval of [0,c0) and at points continuity we find:

Y’ (t) = pg(t)tr

t X p—1 (3.84)
</0 g(s)Pds) .

-1
Asy/(t) = pg(t)% (tg%) ’ , by the monotonicity of g it follows that ¢/ (t) <

(3.83)

==

¢'(t) = pg(t)

¢'(t) for Ll-a.e. t € (0,00). Hence, integrating from 0 to T we conclude
3.82. ([l

Proof (Theorem 3.31) Let T = {t € R | P({u > t},RN) < c}. By the
coarea formula 3.26 we find that T must be dense in R (as P({u > t},RN) <
co for Ll-ae. t € R). By Theorem 3.30, we see that for every t € T either
LN({u > t}) < ooor LN({u < t}) < 0. Define now

m=inf{t € T | LN({u > t}) < oo}. (3.85)
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If t > m, by density, we find T € TN (m,t) such that LN({u > T}) < o0
and hence LN ({u > t}) < o. Using the same argument for every t < m
we have LN({u < t}) < . We now show that m € R. Indeed, suppose
for the sake of contradiction that m = —oo. Then for every t € R we have
LN({u > t}) < co and by the coarea formula for any & € N we find

~h
/ P({u > t},RN)dt < V(u,RN) < oo. (3.86)
—(h+1)
By density of T in R we can find t;, € (—(h+1), —h) such that sup,, . P({u >
tn},RN) < co. Then, by Theorem 3.30 we have sup, . LN ({u > t}) < oo,
but we have Uyen{u > t} = RN which gives us the contradiction. The
same argument for m = oo and the sets {u < t} yields the same contra-
diction. Hence, m € R. Up to replacing u by u — m, we may assume that

m = 0. Let us now v = max{u,0}. Now by Lemma 3.32 for p = %,

¢(s) = LN({u > s})s¥1 and Fubini’s theorem we get the following:

/]RN vN-1dx = /000 LN <{vm > t})) dt
N

_ N—1/0 LN({u > s})svrds (3.87)

< </OOO£N({u > S})NN1>NN1‘

As LN({u > s}) < oo for every s € (0,00) (as m = 0), we infer by Theorem
3.30 that there is some constant ¢ > 0 only depending on N such that

LN({u> s} <cP({u>s},RVY), Vs> 0. (3.88)
So by 3.100 we find by the coarea formula that

|

N-1

N
loll v = </ UNNldx>
N-1 RN

< c/oo P({u > s},RN)ds (3.89)
0

< ¢ |[Du]| (RY).

Now consider w := max{—u,0}. By Lemma 3.32 for p = &, g(s) =

LN{u < s})sﬁ and Fubini’s theorem we get that

/IRN wN-Tdx = /Ooo £y ({w% > t})) dt

N [0 1
. /_w £N({u < s})s¥1ds (3.90)

(/(;EN({u SS})NN1>NNl.

IN
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As LN({u > s}) < oo for every s € (—0,0) (as m = 0), we infer by Theorem
3.30 that there is some constant ¢ > 0 only depending on N such that

LN{u < s})¥ < cP({u >s},RN), Vs <o. (3.91)

So by 3.90 we find by the coarea formula that

NI\_Il
lwll x = ( / Wi dX>
N-1 RN

< c/0 P({u < s},RN)ds (3:92)

—0o0

< ¢ || Dul| (RY).
This shows that we find a dimensional constant y3 > 0 such that:

lull . = llo—w]
< Jloll s + flll . (393)
< 73 [[Dul] (RY).

Let now u € L' (RN, £N). Then by Chebyshev’s inequality” we find that
LN{u > t}) < lu|l; < ooand LN({u > t}) = oo for all + < 0. Therefore
m = 0. U

Corollary 3.33 Let N > 1 and Q) C RN a bounded extension domain. Then, the
embedding BV (Q)) — LN (Q, LN) is a bounded linear operator, and for every
p € [1, ) the embedding BV (Q) < LP (Q, LN) is a compact operator.

Proof Since () is an extension domain, we find a bounded linear operator
T : BV (Q) — BV (RN) that meets (i)-(iii) of Definition 3.14. Note that we
have an embedding L? (Q, £N) < L? (RN, LN) sending u € L? (Q, LN) to
i € LV (RN, LN) defined by ii|q = u and ii|gn o = 0. Then we have that
the following diagram commutes for every p € [1, 225 ]:

BV () —— BV (RY)

Qj j (3.94)

N N pN
L7 (O, £V) < LP (RN, V),

2If (X, &, ) is a measure space and u : X — R is measurable it follows that for every
t>0and 1 < p < oo

p{u>) < [

|u| dps.
{u>t}
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By Theorem 3.31, the embedding ¢ is a bounded linear operator. Also the
embedding ¢, is a bounded linear operator as we only extend by zero, it
is even an isometry. Therefore, we can find an inverse function ¢, to ¢ :
LP (O, LN) — 1(LP (Q, £N)). Hence, we see that 1 = ¢, 010 T is a bounded
linear operator for every p € [1, &2+ ]. By Theorem 3.19, we see that the em-
bedding BV (Q) < L' (Q, £V) is a compact operator. By Holder’s inequal-
ity, the compactness of BV (Q) < L7 (Q, LN) for p € [1, i%5) follows. O

To finish this section, we go over the Poincaré inequalities for functions of
bounded variation and sets of finite perimeter.

Theorem 3.34 Let N > 1.

(i) If QO C RN is a bounded connected extension domain, then there exists a
constant C = C(Q) > 0 only depending on Q), such that it holds for all
pe Lyl

|lu — UQHP < C||Du|| (©2), Yu e BV (Q). (3.95)

(ii) For all x € RN and r > 0, there is a constant vy > 0 only depending on the
unit ball in RN such that for all p € [1, 5]

< T |IDul (B (7)), Vu€ BV (B(xr). (3.9)

Hu - uB(x,r)

(iii) Let E C RN be a set of locally finite perimeter in RN. Then there exists a
constant s > 0 only depending on N, such that it holds for all x € RN and
r>0:

min {EN(E NB(x,r), LN(E\ B (x, r))}NN1 < vsP(E, B (x,7)). (3.97)

The proof of this theorem is quite similar to the proof of Corollary 3.28.
Nonetheless, we will give the proof here.

Proof (i) By Theorem 3.27 there exists a constant C; > 0 only depending
on Q) such that ||u —uq|; < C;||Dul|(Q) for all u € BV (Q)). By
Corollary 3.33 we know that the embedding BV (Q)) < L¥ (Q), L) is
a bounded linear operator for every p € [1, i~5]. This, there exists a
constant C; > 0 only depending on Q such that ||ul|, < Gy [[ul|y )
for all u € BV (Q). So we find for all u € BV (Q) that:

lu—uall, < Callu—uallpy )
= G ([lu — uall; + |Dul| (©2)) (3.98)
< (GG +1) ||Dul| ().

So C = GG, + 1 > 0 is the constant that is needed, which depends
only on Q).
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(ii) For each u € BV (B (x,r)) we consider again the corresponding uy €
BV (B(0,1)) given by ug(y) = u(x +ry). As in Corollary 3.28 we note

that up(,,) = (u0)p(,s) and Hu — UB(x) ) Uy — (”0>B(0,1)H for

each p € [1,5%5] and u € BV (B(x,r)). By (i), there is a constant

s > 0 that depends only on B (0,1) such that ’uo - (MQ)B(Oll)H <
P

Y4 |[Dug|| (B (0,1)) forall u € BV (B (x,r)). Now consider u € C}(B (x,7)).
By Remark 3.7 at (x), chain rule and substitution at (x) we find that:

:7"?

N

=rP
P

H“ — UB(x,r) Up — (”0)3(0,1) Hp

N
< 7ar? |[Duol| (B(0,1))

(%) N
") yr? / |Vao(y) | dy
B(0,1)

(3.99)
N
(%) 74rp/
= Vu d
T o IVuly)ll dy
() ar?
* rFr
= B IDul| (B (x,7)).

If u € BV(B(x,r)), we can choose by Theorem 3.12 as sequence
(up)peny € C®(B (x,7)) converging to u in BV (B (x,r)) such that

lim [[Duy| (B (x,7)) = [Dul] (B (x,7)) (3.100)

By continuity of the embedding BV (Q) < L? (€, LN), we find that
uy, converges to u in L? (Q, £N). So by 3.99 we find that:

Hu — UB(x,r) . = }}gl;lo ‘Mh — (uh)B(x,r) )
N
Y4r? .
< =t jim [|Duy [ (B (x,7)) (3.101)
N
Yar?
— B IDu| (B (x,7)).

This proves (if).

(iii) Applying (ii) to the characteristic function xr and noting that (ii) holds
for an open ball in any norm on RN and then applying the same argu-
ment as in Theorem 3.30 gives the result in (iii).

This ends this section on the isoperimetric inequalities and sets us up to
investigate the structure of sets of finite perimeter.
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3.2.2 The reduced boundary and the structure of sets of finite
perimeter

In this section, we will define the measure-theoretic concepts of boundary,
that is, we will introduce the reduced boundary. The goal is then to prove De
Giorgi’s result about the structure of sets of finite perimeter.

Definition 3.35 Let E C RN be a LN-measurable set and QO C RN the largest
open set such that E has locally finite perimeter in (). We define the reduced
boundary 0*E of E as the set of all x € supp ||Dxg|| N Q2 such that the following
limit exist and satisifes that

Dxe(B(x,71) _ gn-1) (3.102)

ve() = i TS T Gor)

We call the function vg : 9*E — SN~ the generalised inner unit normal to E.

Remark 3.36 By the Lebesgue-Besicovitch differentiation theorem (Theorem 2.43)
we know that vg in Definition 3.35 is a Borel measurable function and 0*E is a
Borel set.

First we make general comments about points of the reduced boundary.

Lemma 3.37 Let E C RN be a LN-measurable set. Any point x € 9*E is a
Lebesgue point> of vg with respect to |Dxk|.

Proof We note that for » > 0 small enough we have:

1
STl B ) Joey W) @ dIDREN @) @109
Dxe(B (x,7))

= 1) B (B ()

So for r — 07 the above expression goes to 0 if x € 9*E. This shows that
any x € 0*E is a Lebesgue point of vg with respect to |Dxg]|. O

(3.104)

Next, we note that we can bound the perimeter of intersections with open
balls as follows.

Proposition 3.38 Let E C RN be a set of finite perimeter in an open set Q) C RV,
xo € Q and set 6 = d(xo,0Q)). Then it holds for every r € (0,5), that

P(ENB (xo,7),RN) < P(E, B (xo,7)) + ¢'.(r), (3.105)
wher ((r) = LN(EN B (xo, 7)) and 0', is the right derivative of (.
3See Corollary 2.45.
4For a function f : R — R we denote by f/ (r) (if it exists) its right derivative at r € R
defined by
Ly — i L) = f()
f+(r)—tli>r?+ t—r
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Proof We show the following more general inequality for any u € BV (Q)),
Up = UXB(x,r) aNd 7 € (0,9)

!

lu(x)] dx) . (3.106)

Xo,t) n

1D | (RN) < [[Du| (B (x0,7)) + ( /
B(

Note that 3.105 follows from 3.106 for u = xg. Let u € BV (Q)). For any
p € (0,6 —r) we define uf € BV (RN) by uf(x) := u(x)v,(||x||), where

1, t<vr
To(t) = q1+5h r<t<r+p (3.107)
0, t>r+p.

Since 7, defines a Lipschitz map, it follows by Proposition 3.4 that uf €
BV (RN) with support in B (xo, 7+ p) and coinciding with u in B (xo,7).
Moreover, we have that

X
Duf = 7, (|| x||)Du + u(x)yg(x)ch, (3.108)
and hence
PR < [ P+ [ s
B(xo,7+p) B(xo,7+p)
< D] (B (s, +p)) +7" [ ju(x)| d.
B(xo,T+P)\B(X0,1’)
(3.109)

By the convergence of u’ to u, in L' (RN, £N) as p — 0" and the lower
semicontinuity of variation, the inequality 3.108 follows from 3.109. O

Remark 3.39 If P(E, 9B (xo,r)) = 0 in Proposition 3.38 we can subtract in 3.105
on both sides P(E, B (xo, 1)) to obtain

P(ENB(xo,7),0B (xo,7)) < €' (r). (3.110)

Moreover, by noting that LN(E N B (xo,7)) = [y LN(E N 9B (xo,t))dt we have
0 (r) = LN(EN B (xo,7)) for Ll-a.e. v € (0,8) and hence by 3.110 we have
shown that:

P(ENB (xq,7),0B (x,7)) < LN(EN3B (xq,7)). (3.111)

That is, if the perimeter of E vanishes in the boundaries of open balls, then its
perimeter in open balls is controlled by its Lebesque measure in the boundary of
open balls.
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Now, we give bounds on the perimeter and Lebesgue measure in neighbor-
hoods of the reduced boundary. This result will establish that, in a sense, the
reduced boundary and the perimeter are very much (N — 1)-dimensional
entities.

Lemma 3.40 Let N > 1 and Q C RN be an open set. Let E C RN be a set of
finite perimeter in () and xo € 0*E N Q). Then, there exists ro € (0,d(xo, Q})) and
constant w, B > 0 only depending on N such that

P(E,B(xo,7)) <arN"1 Vre (0,r)  (3.112)
min{LN(EN B (xo,7)), LN(B (xo,7) \E)} > prN Vre (0,79).  (3.113)

Proof We may choose 7y € (0, d(xg’0)> such that

P(E, B (x0,7)) = IDxel| (B (x0,7)) < IDxe(B (xo, ), Vr € (0,2r0).
(3.114)
Letnow T C (0,2rp) be the subset of all t € (0,2ry) such that P(E, 0B (xo, t)) =
0. Set E; = EN B (xo,t) for t € T. By Remark 3.39 and since Dyg,(RN) =0
we infer that for every t € T it holds that:

IDXE(B (xo, )] = IDxE (B (x0, 1))
= |[DxE, (9B (x0, 1)) | (3.115)

</ (t).

Also, we note that T C (0,2rg) is dense, and so for our choice of ry we find
that for £L1-a.e. r € (0,2r¢) it holds that:

P(E, B (xo, 1)) < 20'(r). (3.116)

So given any r € (0,7p) integration from r to 2r yields:

2r
P(E,B(xq,7)) < 1’1/ P(E, B (xo,t))dt
_ 20(2r) (3.117)

IA
N
z
=
g
=
%
T

So with a = 2N *1wy, 3.112 follows.

Now note that by Proposition 3.38 and computation 3.116 we have P(E;, RY) <
30'(t) for Ll'-a.e. t € (0,79). By Theorem 3.30 and recalling that ¢(t) =
LN (E;) we find for Ll-a.e. t € (0,7g) that

(@) -

CF (1)

Z| =

1-N

¢~ (t)P(E;, RN) (3.118)

v

-

4

Y4
w w
Z-2|-

72
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Now by integration in t from 0 to r we get £(r) > BrN for all r € (0,79),
1N

where B := 357," . Using the same argument for RN \ E, we find that for

this B inequality 3.113 holds. O

Now we are in the position to state and prove De Giorgi’s result about the
structure of sets of finite perimeter.

Theorem 3.41 Let N > 1 and E C RN a LN-measurable set. Then the reduced
boundary 0*E is a countably (N — 1)-rectifiable set and |Dxg| = HN-'L 0*E.
Additionally, for any xo € 0*E the following properties hold:

(i) The sets @ locally converge in RN as r — 07 to the half space H orthogo-
nal to ve(xo) containing ve(xo), i.e. vE(xo) + ve(xo)™ .

(ii) The approximate tangent measure to HN~1_9*E at xq is given by TanN 1 (HN-1L_
0*E, x0) = HN"Y L ve(x0)* and in particular it holds that

N-1 *
lim HN(0*EN B (xo,7))
r—0+ wn_1rN-1

=1. (3.119)

Before the proof of this theorem, we state another theorem about the struc-
ture of one-dimensional sets of finite perimeter:

Theorem 3.42 If E has finite perimeter in an open interval (a,b) C Rand L*(EN
(a,b)) > 0, then there exists and integer k > 1 and k pairwise disjoint intervals
Ji = [a2i—1,a2i] C R such that E N (a,b) is equivalent to the union of the J; and

P(E,(a,b)) =[{ie{1,---,2k} | a; € (a,b)}]. (3.120)
Proof A proof this can be seen in Theorem 3.52 in [3]. O

Proof (Theorem 3.41) Let xp € 9*E and set v := vg(xp). Fix now rp > 0
as in Lemma 3.40 and set E, = @ We start by proving (i), that is, the
convergence of E, to H. We note that P(E,, B (0,R)) = VN%P(E,B (x0,7R)),
this follows easily as the perimeter defines a Borel measure. Then by Lemma

3.40 it follows that for every r € (0,7p) and every R > 0 that:
P(E,, B(0,R)) < . (3.121)

Hence, by Theorem 3.25, we can assume that E, converges locally in RN,
Hence, it suffices to show that for any sequence r;, — 07 the limit F of E,,
coincides with H. Since Dy, locally weak® converges in RN to Dxr as
h — oo, and since x( is a Lebesgue point by Lemma 3.37, it follows that

on
"n
is given by Dxr = v |[Dxr|. This shows, in particular, that Dxr has no

weak” converges to ||Dxr| and the polar decomposition of Dxr
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component orthogonal to v and Dxr - v = |v|*|Dxr|| > 0. Now for a
family (pS)SE(O,oo) of mollifiers we note that:

V(xr *pe) = (DXF) * pe = (|[DXF|| * pe)v. (3.122)
O

This gives us xr * pe = Ye(x - v) for a suitable increasing family of functions
7Ye : R — [0,1]. So for y := lim,_,o+ 7. with Dy > 0 we find that xp(x) =
v(x-v) for LN-a.e. x € RN, Since xr € {0,1} £N-a.e., it must be that v is
equal in L' (R, £1) to a characteristic function x. By Theorem 3.42 L must
be a half-line (c,c0) for some ¢ € R. If ¢ > 0, then set d = min{c,1} and
note that

N
Jim Z(ED BN(xO’drh)) — lim £N(E,, N B(0,d))
h— o0 I’h h—c0 (3 123)
= LN(FNB(0,d)) '
=0.

This contradicts xo € 0*E, where density is strictly positive. Symmetric
arguments for ¢ < 0 give the same contradiction. Hence, ¢ = 0 and hence
xe(x) =1if and only if x - v > 0, that is, F = H.

Since E, converges to H, we have that Dy, weak” converges to Dyp as
r — 0T. This implies that Tan(Dxg, xo) = vHN"1L9H. By Remark 2.59, it
follows that:

Tan™ "1 (||Dxe||, x0) = HN 1L 9H. (3.124)

Now by Proposition 2.60 (ii), it follows that since ||D)|| is concentrated on
the Borel set 0*E and by 3.124 admits an approximate tangent space with
multiplicity 1 at xo, it must follow that |[Dxg|| is countably HN~!-rectifiable
and ||Dxg| = HN1LO*E. O

Next, we introduce another concept of boundary: the essential boundary.
Definition 3.43 For every t € [0,1] and every LN-measurable set E C RN we

define the set of points of density t by

(3.125)

Ef— {x e RV fim £(ENB(x7)) :t}.

r—0+ (,LJNT’N

We define the essential boundary of E by 0°E := RN \ (E° U E1).

Remark 3.44 We note that if E C RN is a LN-measurable set, x € R and
{Cr}re(ol%) is a collection of Borel sets, such that there are constants 0 < a < B
with B (x,ar) C C, C B (x, pr) for r € (0,7y), then for t = 0,1 we have x € E' if
and only if
. LN(ENCG)
lim

et W — t (3126)
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This follows simply from the following chain of inequalities:

LN(ENB (x,ar)) - LN(ENC,) - LN(ENB (x,pr))
wn (Br)N - LN(C) — wn (ar)N '

(3.127)

If x € EY, then the last term in 3.127 tends to 0 as r — 0. If x € EY, then the
first term in 3.127 tends to 1 as r — 0F. This proves 3.126. Conversely, if 3.126
holds for t = 0, then the first term in 3.127 tends to 0 if r — 0" and x € E°. If
3.126 holds for t = 1, then the last term in 3.127 tends to 1 if r — 0" and x € E™.

We now state and prove the following result about the essential boundary
of sets of finite perimeter by Federer.

Theorem 3.45 Let E C RN be a set of finite perimeter in an open set O C RN.
Then the following holds:

(i) *ENQ C E2 C &°E;
(i) HN"1(Q\ (E°U9*E U EY)) and in particular for HN"'-a.e. x € Q) E has
density 0, 3 or 1 and HN"1-a.e. x € 9°E N Q belongs to 0*E.

Proof (i) Let x € 0*EN Q). By Theorem 3.41 % locally converges in RN
to the half space H containing vg(x). We clearly have that H bisects
the unit ball B (0,1) into two equal parts, i.e LN(HNB(0,1)) = 9.
Then by the local convergence it follows that:

N LN (E2nB (0,1
lim £ (EﬂBI\gx,r)) = lim (5 (0,1))
r—0t WNT r—0t WN
_ L’N(Hﬂ B (0,1)) (3.128)
WN
1

This shows that 0*E N Q) C Ex.

%. By 3.97 we know that min{a(r),1 —

a(r)} — 0asr — 0". So we must have a(r) — 0 or a(r) — 1 as
r — 07. Now, since P(E,B(x,r)) = HN"Y0*EN B (x,r)), we must
have that 9°E N () is contained in the set of strictly positive (N — 1)-

dimensional upper density of HN"!L_9*E. But also HN"!-a.e. point in
0°E N Q) belongs to 0*E.

(i) Consider a(r) =

Remark 3.46 By Theorem 3.41 and Theorem 3.45, for any set of finite perimeter
E C RY in an open set QO C RY:

P(E,Q) = HN Y@ ENQ) = HV 1@ ENQ) = HN! (E% N Q) . (3.129)
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In particular, for every @ € [CL(Q)]N the following versions of the Gauss-Green
formular hold

/E div (g)dx == | g-vpan™ (3.130)

/E div (@) dx = — _a vpdHN 1 (3.131)

/Ediv(go) dx = —/E1 @ -vpdHN L (3.132)
2

Finally, we make the connection between the topological and measure-theoretic
boundaries.

Proposition 3.47 Any open set QO C RN with HN=1(9Q)) < co has finite perime-
ter in RN and |Dxql| < HN"1L0Q. Equality holds if Q has Lipschitz boundary.

Proof Without loss of generality, we may assume that () is bounded. Then
9Q) is compact and for any > 0 there is a finite family {C;};c; of closed
sets with diameters 2r; < J such that 0Q) C ;c; C; and

Y wnoarY Tt < HN T (00) + 6. (3.133)
iel
Let now {B;}ic; be a family of closed balls with radii 2r; centered at ar-

bitrary points x; € ). Then we still have Q) C ;¢ B;. Set now Q5 =
QU U Bi. As 0Q)s C Ujer 9B;, we can infer by Remark 3.22 and 3.133 that:

P(Qs,RY) < Y P(B;, RN)
i€l

= 1" (9B)) (3.134)

i€l
Nwpy2N-1
< TENE
WN-1

Since LN (s \ Q) — 0 as § — 0, we find that

(HN71(002) + 9).

P(Q,RY) < liminf P(Q;, RY)
6—0t

N-1 3.135

< NONZT 5 N1500) < oo, (0199
WN-1

Since |[Dxq| = HN~1L9*Q by Theorem 3.41 and as 9*Q) C 9(), it follows

that |Dxqll < HN-tLAO.

Suppose now that (2 has Lipschitz boundary. Let x € dQ). Then we can find

r > 0 and a solid cone C (see Definition 5.17) centered at x such that one

side of C N B(x,r) is contained in () and the other side in RN \ Q.

This implies that x € 9*() and so dQ C 9*Q) and hence |Dxq| = HN-1L

Q). O
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Figure 3.1: Cone C centered at x € 9Q).

3.3 Approximate continuity and differentiability

We want now to extend the properties of sets of finite perimeter set forth
in the preceding section to all functions of bounded variation. For this, we
introduce the concept of approximate limits.

Definition 3.48 Let u € Ll _(Q, LN). We say that u has approximate limit at
x € Q) if there exists z € R such that

lim lu(y) —z| dy = 0. (3.136)

r—=0% JB(x,r)

We denote by S, the set of points x € ), where 3.136 is not sastisfied, and call it
the appropriate discontinuity set. For any x € O\ S,,, we denote ii(x) € R the
uniquely determined point satisfying 3.136.

We say u € L}, _(Q, LN) is approximately continuous at x € Q if x ¢ S, and

loc

ii(x) = u(x) (that is, x is a Lebesque point of u).

The following proposition summarizes the properties of approximate limits.

Proposition 3.49 Let u € L] (Q, LVN).

loc

(i) S, is an LN-null set and a Borel set. Moreover, the functionii : Q\ S, — R
is a Borel measurable function coinciding LN-a.e. on Q\ S, with u.

(it) If x € Q\ Sy and (pe) ¢ (0,00 i5 @ family of mollifiers, then u * pe(x) converges
toii(x) ase — 0%,
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(ii)) If f +: R — R is a Lipschitz function and v = fou, then S, C S, and
0= fotion Q\S,.

Proof (i) Since the complement of the set of Lebesgue points of u is an
LN-null set, it follows that S, is and £N-null set.
Now we note that:

Q\su:ﬁu{xea

n=1g€Q

lim sup lu(x) —qldy < 711} . (3.137)

r—0+ JB(x,r)

In fact, let x € O\ S, and n € IN. By density of Q in R there exist
q € Q such that |i(x) — q| < 1 and hence:

lim sup |u(y) — g| dy = lim sup |lii(x) —gq|dy
r—0+ B(x,r) r—0+ B(x,r)
= [(x) —q] (3139)
1
<.
n

This shows the inclusion C in 3.137. If x is element of the set on the
right side of 3.137 we can find a sequence (g, ), o such that:

lim sup lu(x) —qldy < % Vn € N. (3.139)

r—0+ JB(xr)

For all n,m € IN we find that:

|90 — qm| = lim sup @0 — G| dy
r—0+t JB(xr)
< lim sup |u(x) — gn| dy + lim sup |u(x) — qm|dy
r—0+ B(x,r) r—07+ B(xr)
1 1
e
noom
(3.140)

Letting n,m — oo, we see that by 3.140 |g, — qm| — 0. So (qn),en
is a Cauchy sequence, and we see that its limit z € R satisfies 3.136.
This shows the inclusion D in 3.137. This shows that S, is a Borel set.
By 3.136 for any x € Q) \ S, the mean values up,, of u converge on
B (x,7) to#i(x) asr — 0". Hence, i as the pointwise limit of x — up(y
as r — 0", must be a Borel measurable function.

(ii) By the substition x — ez = y we find that:
| pe(x) — a1(x)[ < /N |u(x —ez) —i1(x)| p(z)dz
R (3.141)
<lelownf  July) - ()] dv
B(x,€)
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So, as ¢ — 07, we have |u  pe(x) —ii(x)| — 0.

(iii) By the estimate |v(y) — f(#i(x))| < Lip(f,R) |u(y) — ii(x)| and integra-
tion we find the result.

We may also charaterizte approximate limits z € R in terms of the sets
Ec:={ye Q] uly) —z| > ¢}. (3.142)

Proposition 3.50 If u € L _(Q,LN), x € Q\ S, and z = @i(x
e > 0 the set E¢ has density 0 at x. On the other hand, if u € Ly,
E.’s have density O at x, then u has approximate limit at x and ii(

), then for every
(Q, [,N ) and all
x) =

Proof Note that if u € L10C (Q,£N), x € Q\ S, and z = 7(x), we have by
Chebyshev inequality gives us for all ¢ > 0:

1
riN

LN(E.N B (x,7)) <][ lu(y) — z| dy. (3.143)
B(x,r)

So, if r — 01 we find that E; has density 0 at x for every & > 0.

Conversely, if u € L (Q,LN) and all E,’s have density 0 at x, we find
M > 0 and ry > 0 such that |u(x)| < M for all x € B(x,r9). So for all
r € (0,r9) we find that:

LN(ENB(x,7)) +8£N( (x, 1’)\E8

o qutn) 2y < M-+ 2]
B(x,r)

wnrN wnrN
(3.144)
Asr — 07, we find that limsup, . fB(x,r) lu(y) — z| dy < ¢ for every ¢ > 0.
Hence, z = ii(x). O

We now introduce some notation for half balls oriented by some v € SN~!
and so-called jump discontinuities. For u : RN 5 R, x € RN, r > 0and
a,b € R we define:

BY(x,r,v) :={y € B(x,7) | (y—x)-v >0} (3.145)

B (x,r,v)={yeB(x,r)|(y—x) -v<0} (3.146)
_Ja, y-v>0

g0 (y) = {b’ oo (3.147)

Definition 3.51 Let u € L] _(Q, LN) and x € Q). We say that x is an approx-
imate jump point of u if there exist a,b € R and v € SN~ such that a # b
and

lim lu(y) —aldy =0
rOT B ) (3.148)
lim |u(y) —b|dy = 0.

r=0% JB—(x,r,v)

65



3. FuNcTIONS OF BOUNDED VARIATION AND SETS OF FINITE PERIMETER

66

Up to permutation of (a,b) and sign of v, the triplet (a,b,v) is uniquely determined,
and we denote it by (u™ (x),u™ (x),vy(x)). The set of approximate jump points is
denoted by J,.

To make the connection to the reduced boundary and sets of finite perimeter,
we consider the following example.

Example 3.52 IfE C RN is LN-measurable, we may consider u = xg € L} (Q, LN).

Then, by definition, we note that S, = 9°E and we have J,, C E2 and {u* (x),u(x)} =
{0,1} for any x € J,. If E is a set of finite perimeter, then 0*E C ], by Theorem
3.41 and the following sets have all the same HN~'-measure:

FENQ, J,,NQ, E2NQ, *ENQ. (3.149)
The following proposition summarizes the properties of the set of approxi-
mate jump points.

Proposition 3.53 Let u € L} _(Q, LN). Then it holds that:

(i) The set |, C S, is a Borel set and ther exists Borel functions

(ub,u,v)  Ju = RxRx SN (3.150)
such that (u™(x),u™(x),v,(x)) satisifies 3.148 for every x € J,.
(ii) If x € J, and (pg) ) is a family of mollifiers, then the functions u * pe
converge to M ase — 0.

(iii) If f : R — R is a Lipschitz function, v = fou and x € J,, then x € [, if
and only if f(u™(x)) # f(u=(x)) and in that case

(07 (x), 07 (x),v0(x)) = (f(u"(x)), f(u™(x)), v (x)). (3.151)
Otherwise, x ¢ Sy and 5(x) = f(u™(x)) = f(u(x)).

Proof The proof follows the same arguments as the proof of Proposition
3.49. O

Lastly, we introduce the concept of approximate differentiability.

Definition 3.54 Let u € L} _(Q,£N) and x € Q\ S,. Then, u is approxi-
mately differnetiable at x if there exists a vector L € RN such that

r—0t B(x,r) r

If u is approximately differentiable at x, then L is uniquely determined and we call
it the approximate differential of u at x and denote it by Vu(x). The set of
approximate differentiability points is denoted by D,,.
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The following proposition summarizes the property of the set of approxi-
mate differentiability points.

Proposition 3.55 Let u € L} _ (Q, LN). Then it holds that:

(i) The set D, C Q\ S, is a Borel set in Q and Vu : D, — RN is a Borel
function and Vu(x) satisfies 3.152 for all x € D,,.

(ii) If x € Dy and f € CY(R), then v = f o u is approximately differentiable at
x and

Vo(x) = Vf(ii(x))Vu(x). (3.153)

Proof (i) Similar arguments as in Proposition 3.49 (i) by choosing a count-
able dense subset of RN in place of Q, shows that D, is a Borel set.
Same ideas from Proposition 3.49 (i) hold also for the Borel measura-
bility of Vu.

(ii) See for a proof, the proof of Proposition 3.71 in [3].

We may rephrase all these approximate concepts as follows.

Remark 3.56 Let u € Ll _(Q,LN) and define for all x € Q and r > 0 the

rescaled function u™"(y) = u(x + ry). Then we have the following equivalences:

(i) u has approximate limit z at x if and only if u™" converges tozin Ll _ (RN, LN)
asr — 0F.

(ii) x € Jyand (u™(x),u"(x),vu(x)) = (a,b,v) if and only if u™" converges to
Ugpy in L (RN, LN) asr — 0.

(iii) x € Dy and Vu(x) = L if and only if v,(y) = M converges to
y—L-yinLl (RN,LN)asr— 07

loc

3.4 The trace of functions of bounded variation

This section is dedicated to the fine properties of functions of bounded varia-
tion and should end with the introduction of the trace of a function of bounded
variation. This section is in fact an extension of the section about the re-
duced boundary of sets of finite perimeter. We begin this section with some
important preliminary results.

Lemma 3.57 Let (Ej,), . e a sequence of Borel subsets of an open set () C RN.
If P(E,, Q) — 0 and LN(E;,) — 0as h — oo, then it holds for all & > 0 that

HN (ﬁ{x € Q| O4(E, x) > a}) =0. (3.154)
h=1
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Proof We show for Q' cC O, ¢ = d((Y,9Q), « € (0,1), p > % and § =

LN(E) N .
(pTN> , where E C () is Borel, that there are constants 71, > 0 such
that if § < o
2 _
HN(E N QYY) < %p(g,m (3.155)
N

In 3.155 we denote E* = {x € RN | ®%(E,x) > a}. We will use the

Besicovitch covering theorem®. Note that for every x € E*N Q) the ratio
LN(ENB(x,r))
(UNTN
choice of 4 we have:

> 5 for all » > 0 by definition of upper density and E*. Then by

LN(ENB (x,9)) - LN(E) 1 _

44
L < ¥ =3 <72 (3.156)

By Theorem 3.34 we find r € (0,5) such that LN(EN B (x,7)) = M and
2v1P(E,B(x,r)) > wnarN~l. By the Besicovitch covering theorem, we can
cover E* N () by a countable family of such balls B (r;, x;) such that at most
¢ of them overlap. Now we can estimate:

H%_l(Ea N Q,) < WN-1 Z?’lN_l
i

2Y1WN-1
< o ;P(E,B (xi,71)) (3.157)

2 _
< IEON1pp .
WNKX

So for h large enough we can apply 3.155 to E; and obtain for J;, =
1
(5™ that

th—l (ﬂ EXN Q’> < Hgg;l(E;’; na)

i=0 (3.158)
2 _
< T16WwN Lp(E,, Q).
WNHX
Hence, for h — co and )’ 1 (), the lemma follows. [

By this lemma, we find that #"~!-a.e. The mean value of the absolute
value of functions of bounded variations on balls as the radius goes to 0 is
uniformly bounded.

SThe Besicovitch covering theorem states: If A C RN is a bounded set and p : A —
(0,00) is a function, then there is a countable subset S C A such that A C Jyes B (¥, p(x))
and every point of RN belongs to at most & balls B (x,0(x)) for x € S. For a proof of this
result, see Theorem 2.18 in [3].
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Lemma 3.58 For any u € BV (Q) the set

L::{xEQ

is an HN"1-null set.

r—0+t JB(xr)

lim sup u(y)|¥ 1 dy = oo} (3.159)

Proof Up to replacing u by |u| we may assume that u > 0. Consider the set

lim sup [IDul[ (B (x,7)) _ oo} . (3.160)

D := {x <NO) N1
r—0+

By Proposition 2.53 we know that ®%_; (||Dul|,x) < oo for HN"l-a.e. x € Q
and so D is a HN"!-null set. Now choose for every h € N a t, € (h,h+1)
such that:

h+1
P({u > t,},Q) g/h P({u > t},Q)dt. (3.161)

Since u is integrable, we have LN ({u > t,}) — 0 as h — co. By the coarea
formula 3.52 we know that

Z P({u>t},Q) < /°° P({u>t},Q)dt = | Du|| (Q)) < oo. (3.162)
heN 0

For any h € IN, let now Ej, be the set of all points x € Q2 such that @} ({u >
t},x) = 1. By Lemma 3.57, we know that HN=! (",en Er) = 0.

We claim now that L C D U, Ex- Suppose x € D U, Ern and set ¢, :=
up(x,) for r > 0. By Theorem 3.34 (ii) we know that there is a dimensional
constant 4 > 0 such that

N
N N—1T
T’_N/ ]u(y) — Cr‘NL\ll dy < r),i\lfl <W) ! . (3.163)
B(x,r)

To show that x ¢ L, it suffices now to show that (¢,) is bounded as r — 0.
For the sake of contradiction, suppose that there is a sequence (7;);.p such

i—00 i—o00 . . .
that ;= 0 and ¢,, — oo. Consider now v; = u*' —¢,,. Since x € D, we

know that (D”L(NBW> is a bounded sequence, and therefore for some
ieN

1

constant ¢ > 0 we find

Dul| (B (x,r:
/3(01) l0i(y)| dy < ¢ ||Doy|| (B(0,1)) = CH | (qu i) (3.164)

3

Hence, the sequence (v;);en is relatively compact in L' (B (0,1),£N). So,
up to restriction to a subsequence, we can assume that (Ui)iGN converges
LN-ae. to some w € L' (B(0,1),£LN). So for LN-a.e. y € B(0,1) we have
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that u(x + riy) = ¢, + vi(y) converges to oo as i — co. Now we note that

wn = limj_e0 HN({”>tr”A]}mB(x’”)) and so Oy ({u > t;},x) = 1 and so x € E,

contradicting that x ¢ iﬂheN Ej. O
Lemma 3.59 Let u € BV (Q)). Then it holds that:
(i) ||[Dul| > |ut —u= | HN"IL ],
(ii) For every Borel set B C Q) it holds that:
HN1(B) = ||Du| (B) =0 (3.165)
HN"!(B) < o00,BNS, =@ = |Dul|(B) =0. (3.166)

Proof (i) Letx € J,. By definition of ], the sequence of functions u*" (y) =
u(x + ry) converges in L}, (RN, LN) to

loc

Jut(x), y-vu(x) >0
wy(y) = {u_ (), 3 valx) <0 (3.167)

By lower semicontinuity of variation we have that:

_ |[Dwy|[ (B (0,1))
WN-1
x,r
i DU (B (0,1))
r—0+ WN-1 (3.168)

¢ [Dul| (B (x, 1))
yN-1

| (x) —u™ (%)

= limin
r—0+ WN-1

= On-1(||Dul], x).

So we have found that for every x € J, it holds that ©ny_; (||Du||,x) >
|u™(x) —u~(x)|. Thus, since J, is a Borel set, by Proposition 2.53 it
follows that |Du|| > |u™ —u= | HN"1L],.

(ii) By Theorem 3.41 we know that if u = xf for set E of finite perime-
ter in Q, that ||Du|| = HN1L9*E and if HN"!(B) = it follows that
|Du|| (B) = HN-Y(BN9*E) = 0. Consider now a general function
u € BV (Q), then if HN"1(B) = 0 we have, by the coarea formula,
that: o

IDul (B) = | |[Dxgue || (B)at =0, (3.169)

(iii) For u € L' (Q, £N), we have at any point x € Q such that an approx-
imate limit ii(x) exists, that x € 0°{u > t} for at most one € R,
namely ¢ = ii(x). Indeed, if t > ii(x):

V(> B () < g [ fuly) - i)l ay " o
t— u(x) B(x,r)
(3.170)
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Then Oy ({u > t},x) = 0 and so x ¢ 9°{u > t}. Similarly, if t < ii(x)
we have Oy ({u > t},x) =1 and so x & 9°{u > t}. Suppose now that
HN-1(B) < o0 and BN S, = @. Then by Fubini we find that

|Dul| (B) = /oo HN-TL B(9%{u > t})dt

= / N / dHN1dt
—oo J BN{u>t} (3.171)
_ / L{teR | xed{u>))dHN " (x)
_o.
O

Definition 3.60 Let T C RN be a countably HN~-rectifiable set. We say that T is
oriented by a Borel measurable function v : T — SN~Viffor HN"lge x €T
we have TanN (T, x) = v(x)*.

Example 3.61 We note that by Theorem 3.41 we see that 0*E is oriented by the
generalized inner unit normal vg.

Now we can state and prove our first trace theorem.

Theorem 3.62 Let u € BV (Q) and T C Q be a countably HN~1-rectifiable set
oriented by v. Then, for HN"1-a.e. x€ Q) there exist u (x) € R such that

lim lu(y) —uf (x)|dy =0 (3.172)

r—0+ B+ (x,r,v)

lim lu(y) —up (x)| dy = 0. (3.173)

r=0% JB—(x,r,v)
Furthermore, we have the following representation of Dul_T:

DulLT = (uf —up)@vHNILT. (3.174)
Proof We prove this result in several steps.

Step 1: First, we show that 3.172 and 3.173 hold for characteristic functions
u = xg of sets of finite perimeter E C (). By Theorem 3.45 (ii) we know
that HN"1-a.e. x € Q) belongs to E° U9*E U EL. If x € E°, then we can
choose uri(x) = 0; and if x € E!, then we can choose uf(x) = 1. Both
options satisfy 3.172 and 3.173. Now suppose x € 0*E. By Theorem
3.41 (i), the rescaled sets E, = £ converge locally in RY to the half-
space H orthogonal to vg(x) and containing vg(x). Hence, we have
for HN"l-ae. x € 9*"ENT we have vg(x) = Fv(x). If ve(x) = v(x),
we can choose u;f (x) = 1 and uy (x) = 0 to satisfy 3.172 and 3.173. If
ve(x) = —v(x), we can choose uf (x) = 0 and up (x) = 1 to satisfy
3.172 and 3.173.
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Step 2: By linearity ui there still exist N !-a.e. on T for a simple function

u € BV (Q), that is, if u = ) ; z;xg, is such that z; # 0 for only finitely
many i and E; are sets of finite perimeter in ().

Step 3: Now if u € BV (Q2) is bounded, then there exists a sequence (uy,);,cp C

BV (Q) of simple functions uniformly converging to u°. Then we can
define HN"1-a.e. on T uf (x) = limy, o0 (up,)F (%).

Step 4: Consider now a general function u € BV (Q)). Then we can consider

the bounded functions uj, = min{h, max{u, —h}} € BV (Q)). Consider
now the HN-1-null set L from Lemma 3.58 and M;, C T the XN 1-null
set, where (u)7 are not defined. We claim that ui (x) exists for all
x € T\ (LUUpen M) Indeed, the sequences ((u)7 ) nen are bounded
since x ¢ L and |uy,| < |u|. Then, by Bolzano-Weierstrass, there are
subsequences ((u, )7 )ken converging to real numbers z* € R. Now
we can estimate:

+ _ a1 —
/Bi(xm(x))(u(y)—z \dy—/ lu(y) — up (v)| dy

BE(x,r,v(x))
—1—/ u — (uy,)E(x)|d
o ) = ) )y

CUNFN
2

| ()7 (x) — 2.

(3.175)

So by division by wyrN and passing to the limit as  — 0" and k — oo
we find that ui (x) = z* satisfies 3.172 and 3.173.

Step 5: Now we show the representation 3.174 of Du L I'. Without loss of

generality, we may assume that HN~1(T) < oo and uj"(x) exist for all
x € I'. Denote now Dju = DuLI' and D,uDu — Dju. By Lemma 3.59
(i), we know that Dju << HN"ILT. So by Theorem 2.43 we only need
to show that

lim Dyu(B (x,1))
r—0+ HN-H(T'N B (x,7))

= (uf (x) —ug (x))v(x). (3.176)

We know that ||Dyul| (B (x,7)) = o(rN-1) and lim,_,o+ % —

1 for HN"!-a.e. x € T. So we will only need to show that there is a
sequence r; > 0 such that ; = 0 as i — oo and

Diu(B (x,1;))

li = (uf (x) —up 177
ise HN-L(T OB (x,17)) (up (x) — up (x))v(x), (3.177)
®We can consider u,(y) = 1;,1 if ’z_—hl <u(x) < zih




3.4. The trace of functions of bounded variation

for HN"l-ae. x € Q.

Let now x € T be such that ”D”‘r',(vifiﬁ’”)) is bounded as r — 07. We
will show that the set of such x, where 3.177 is an HN"l-null set.
By definition of u(x) we have that u*"(y) = u(x + ry) converges
in L] (RN, LN) to

loc

~Juf(x), yev(x)>0
wy(y) = {u;(x), v v <0 (3.178)

By the boundedness of | Du*"|| = W and by Theorem 3.19 we

find that Du*" weak™ converges in B (0,1) to Dwy as r — 07. Let now
si > 0 be a sequence such that s; — 0 and ||Du*® || weak” converges in
B (0,1) to some measure y in B(0,1) asi — oo. Let t € (0,1) be such
that (9B (0,f)) = 0 and t; = ts;. Then it holds that

Du*si (B (0,1))

li = lim

i—00 (,L)N_lthfl i—00 walthl (3179)
_ Dwy(B(0,t))
- wN,1tN—1 :

Since Dwy = (uff —up )v(x)HN"1L v(x)*, we have shown 3.177 for
HNlae x€T.

Definition 3.63 We will call for u € BV (Q) the (by Theorem 3.62 HN"-a.e. on
T defined) functions ui : T — R the interior resp. exterior trace of u.

3.4.1 Boundary trace theorem

Now we are in a position to tackle the boundary trace theorem. This will give
us the tools to state an integration by parts formula for u € BV (Q)) and Q)
with Lipschitz boundary of the form

/ udiv (¢) dx = —/ ¢ -dDu —/ uPvg - pdHN T, (3.180)
0 Q a0

where ¢ € C}(Q) and u® is the so-called trace on 90}, which we will con-
struct in the following.

First, we consider the following summability condition for glueing two func-
tions u,v € BV (Q)) at an interface given by a set E of finite perimeter in ()
to obtain another function w = uxg + vxo\g € BV (Q).

Theorem 3.64 Let u,v € BV (Q)) and E be a set of finite perimeter in (). Assume
that 9*E N Q) is oriented by vg and let u, . and vy, be the interior trace of u and
the interior trace of v. Then, the following holds:

dHN1 < .

(i) w:=uxe +vxo\r € BV (Q) <= [5pn0 |Uar — V3p
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(i) If w € BV (Q), then we have the following representation of Dw:

Dw =DulE' + (uj.; — 05.) @ veHN 'L (0*ENQ) + Do L E°.
(3.181)

Proof To make the notation a bit simpler, we may assume, up to replacing
E by ENQ, that 3*E C Q.

(i) Assume first that w € BV (Q)). The we know by Theorem 3.62 for
I' = 0*E that

DwlL 9*E = (wj.; — wy.p) @ veHN 'L I*E, (3.182)

where w3, satisfy 3.172 and 3.173. Now, let x € 0*E. Then we have
the following estimate as r — 0*:

[ lut) —wi@ldy < [ o) - wigo)]dy

Bt (x,r,ve(x)) ENB*(x,rvE(x))
b [ ) — w0l dy = o)+ [ ) w0 d,
B+ (v (x))\E

(3.183)

where 1™ (y) = u(x +ry) and Fy, = B"(0,1,vg(x)) \ (5%). By Theo-
rem 3.41 £-% converges to the half-space orthogonal to vg(x) and con-
taining ve(x)asr — 0*, and so Fy, converges to D as r — 0". Set now
g = |u™ — wd.(x)|. We note that g*" converges in L' (B (0,1), L)
as r — 07, so by Proposition 2.11 (iv) (¢*"),>0 is equiintegrable. By
the Vitali theorem (Proposition 2.12 (iv)) we find then that (™" xr,, )r>0
converges to 0 in L' (B (0,1),£"), and taking r — 0" in 3.183 we can
conclude by the uniqueness of u., that uJ..(x) = w.(x) for HN~1-
a.e. x € 0*E. By the same argument, we find that v, .(x) = w,..(x)
for HN"1-a.e. x € 0*E. This then implies that

/ 15:(x) = 2 () AT () = / 035 (%) = w5 () dHN T (x)
I°E OE
= ||Dw|| (9"E) < o0.
(3.184)

Conversely, assume that [}, |ug. - (x) — 05 (x)| dHN 1 (x) < co0. We
consider the sequences (uy),cn - (Vn)neny € BV (Q)) given by

up, = min{h, max{u, —h}} and v, = min{h, max{v, —h}}. (3.185)
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We note that uy, v, converges to u,v in BV (Q)). Now note that for
wy = upXE + vpX\g it holds since BV (Q)) is a Banach algebra

[Dwy | (Q) < [[Dity| (Q)P(E, ©) + Doyl (P(Q E, Q) < .
(3.186)
Hence, wy, € BV (). We also note that (1,5, = min{h, max{u., —h}}
and (vp);.p = min{h,max{v,,,, —h}} and therefore we have the uni-
form bound by (ii) (proved below):

d#HN ! + || Doy | (E°)

Dl (@) < Dl () + [ J()fe — (on)ae
J0*E

< IDull () + + [ i~ o3
J0*E

d#HN"! + || Dofl (E°) < co.

(3.187)

Since wy, — w in L1 (Q, LN ), by the lower semicontinuity of variation
and the uniform bound 3.187 that w € BV (Q)).

(ii) Now we prove (ii). Since E® U9*E U E! covers HN~!-almost all of Q)
and since Dw vanishes on a HN~!-null set, we only need to prove that
Dwl E! = Dul E! and DwL E° = Dol EY, since by (i) we have already
shown that if w € BV (Q)) we have

DwlL0*E = (u., — vy.) @ vpHN 'L 9*E. (3.188)

To this end, we will show that Df_E! = 0 and Df L. E® = 0 whenever

f =0 LN-ae. in E resp. in Q\ E. Then, we get the result for f =
w—u resp. f = w—1ov. We note that at any x € E! the function
f*(y) = f(x+ry) converges in measure in B (0,1) to 0. Hence, we
have x € 9*{f > 0} and so by the coarea formula for f and the Borel
set E! we obtain ||Df|| (E!) = 0. Applying the same argument to Q \ E
and noting that (Q)\ E)! = EY, yields the other result. Indeed, we have
(Q\E)! = Eas

LN(B (x,r) \ E)

O\ E)' «— i =1
*€(ONE) = Qi = o
LN(ENB (x,7))
<~ 1- 1l =1
AT N (3.189)
N(ENB
lim LN(EN I\gx,r)) 0
r—0+ WNT
«— x e E"
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Remark 3.65 Its should be note that the trace ui g can also be characterized by
convergence of £ to the half plane orthogonal to vg(x) containing ve(x) as r —
07 by the formulas:

lim u(y) —ud (x)|dy =0 3.190
R |u(y) — ug.g(x)| dy (3.190)
lim \u(y) — uy.p(x)| dy = 0. (3.191)

r—=0" JB(x,r)\E

We now show that under certain conditions that ugiE are summable.

Theorem 3.66 Let u € BV (Q)) and I CC Q) a Borel set such that
HN"UTNB(x,7) <ANTY, VxeT, re(0,r), (3.192)

for some constant rg € (0,d(T,0Q)) and A > 0. Then it holds for u* and the
approximate limit 1 of u satisfy

/r\s |ﬁ|d"HN‘1+/ |+ [u [dHNTT < Cllullgy o . (3.193)

u

for some constant C > 0 depending only on HN=Y(T), ro and A.

Proof Up to replacing u by |u|, we may assume that u > 0. Consider a set
E of finite perimeter in Q) such that 3LN(E) < wyrl, e.g. any open ball of

radius r < ro. Consider now E? = {©%(x,E) > 1}. Let 1 be the constant

of the inequality 3.68. Now for any x € Ez NT we see that for any 0 <r <r
we have

LN(ENB(x,7r)) _ 1
> —. .
otV 23 (3.194)
On the other hand, we must have
N N
WNTg WNT 3

Now consider the continuous function f : [0,79] — [0, 00) given by f(r) =
LN(ENB(x,r))
o
rem since f(rg) < 1 and f(r) > 1 for all r € (0, 7)), we conclude that there

is some r € (0,79) such that f(r) = 1. Hence, by 3.68

with the convention f(0) = 0. By the intermediate value theo-

wntNT1 < 391 P(E, B (x,7)). (3.196)

By the Besicovitch covering theorem we can cover E AT by countably many
such balls {B (x;,7;) }ic; such that at most ¢ of them intersect. By this cover,
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we get the estimate:

N-1 1 < N-1 . 7.
H (Ezmr) _ieZIH (TN B (x;,7;))
3.192
< AZrlN*l
tel (3.197)

3196 34 A
20 3n Y P(E, B (xi,7;))

WN iel

= ML o)
WN ’ ’

For every x € |, we may define
ut(x), y-vu(x)>0
= 3.198

We know that the functions ™" (y) = u(x + ry) converge in L] (RN, LN)

loc
to wy as r — 07 for any x € J,,. This implies that for every t > 0:

1
1)2
{xe,|ut(x)+u (x) >t} C {u > 2} . (3.199)
If we assume that t > tg = 6”””,3 we find by Chebyshev inequality that

WNTy
Ei := {u > %} satisifes 3LN(E;) < wyrl. So by the estimate 3.197 and the
coarea formula we see that

/ ut +u dHN T = / HNT{xeT Ny |ut(x)+u(x) > t})dt
'y 0
< / HN ()3T dt
0
31ndA [
WN to

6HNI(T)  37EA
S( Nt + N )H“HBV(Q)-

< toHNTHT) + P(E;, Q)dt

(3.200)

Noting that the functions ™" (y) = u(x + ry) converge in L{. (RN, LN) to
ii(x) for every x € 3\ S, and that

{XEQ\SL1|1/~!(X)>1'}C{M>;}2, (3.201)
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again by the estimate 3.197 and the coarea formula we see that

/ a(x)dHN ! = /Oo HN I ({x € Q\ S, | @i(x) > t})dt
I'\S, 0

. (3.202)
< (67—LN W 37151\) ul
> ri(})\] wN BV(Q) -
So forC =2 (67-<[UN1;5§F) + 32?) we conclude 3.193. O

Using Theorem 3.64 and Theorem 3.66 we are now in a place where we
can state and prove the boundary trace theorem for open sets with bounded
Lipschitz boundary.

Theorem 3.67 Let QO C RN be an open set with with bounded Lipschitz boundary
and u € BV (Q). Then, for HN"1-a.e. x € 9Q) there exists u*(x) € R such that

lim r—N /
r—0% QNB(x,r)

Furthermore, we have the following

u(y) —u?(x)|dy = 0. (3.203)

(i) H”QHLl(aQ vy < Cllullgyq) for some constant C > 0 only depending on
Q.

(ii) The extension ug of u to 0 outside of Q) is in BV (RN) and if we see Du as a
measure on RN concentrated on Q), we obtain the following formula for Du:

Dug = Du + (u? @ vq)HN 1L 2O (3.204)

Proof We find by Propositions 3.18 and 3.47 that () is an extension domain
and a set of finite perimeter satisfying HN"1(9Q\ 9*Q) = 0, as |Dxql| =
HN-1L9Q. Since O has Lipschitz boundary, we can choose ry > 0 such
that for every x € 9dQ) we see that 02 N B (x,rg) is the graph of some
Lipschitz function ¢x. Then, by the compactness of d(2 we can choose
L = sup, 5, Lip(¢x) and set A = Qn_1vV1+ L% Then we see that for
these choices of rg and A the inequality 3.192 is satisfied. Moreover, the
constant rp and A. Now, let w € BV (RV) be an extension of u satisfying
|wllpyryy < Cillulgy(q), where C; > 0 only depends on Q7. By Remark

3.65 we have that that w. , is defined by

lim u(y) — wh(x)|dy = lim w(y) — wh(x)|d
i [ )~y = tim [ )~ w00 dy
-0,

(3.205)

7Such a extension exists, since () is an extension domain.
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whenever x € 0*E and wgiﬂ are both defined. Now uf = w}o satisfies

3.203. By Theorem 3.66 we find a constant C; only depending on r¢p and A
such that;

/‘uQ‘d%le/ |wi | dHN T
Q) 0*()

= C2[[wl| gy
< GG |ul[gy(q) -

(3.206)

This proves (i). Now for (ii) we can apply Theorem 3.64 in RN to v = 0 and
E = Q to obtain that the function 1y = wxn belongs to BV (RV) and its
distributional derivative is given by, noting that Q! = Q) and w|q = u:

Dup = DwlL Q'+ wi, ® vaHN"TL 9 Q)

3.207
=Du+u? @vaHN"TL . ( )

O

The trace u!? from Theorem 3.67 actually defines a bounded linear operator.

Theorem 3.68 Let () C RN be an open set with bounded Lipschitz boundary. The
operator u s u? assigning to each u € BV (Q) its trace on 9Q) defines a bounded
linear operator from BV (Q) to L' (000, HN-1L9QY), where BV (Q) is endowed
with topology induced by the convergence of uy, to u in BV (Q)) if uy, converges to
win L' (Q, £N) and ||Duy|| converges to || Dul|.

Proof The proof of this result is given for Theorem 3.88 in [3]. There, it is
argued locally, where 0Q) is a graph of a Lipschitz function. g

We also have the following glueing result for the traces.

Corollary 3.69 Let O C RN be an open set with bounded Lipschitz boundary,
u € BV (Q) and v € BV (RN \ Q). Then the function w on RN defined by

o= Terna

is an element of BV (RN), and by viewing Du resp. Duv as measures on RN
concentrated on Q resp. RN \ Q we have the following formula for Dw:

Dw = Du + (u? — o®"\?) @ vy HN 11902 + Do. (3.209)

Proof Noting that Vg = —Vas and that u, v are integrable by Theorem
3.67 on 02 and extended by 0 can be viewed as functions ug, v9 € BV (IRN )
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Hence we may write w = ug + vg, which clearly is in BV (]RN ) and satisfies
by 3.204:

Dw = D(ug + vp)
= Du +u? @ uaHN T LAO + Do + 0"\ @ v gV LA (3.210)
= Du + (u® — R\ @ v N1 L 2O + Do.
U

We now give the main application of Theorem 3.67, which is of importance
to us.

Example 3.70 Let u € BV (Q) and x € Q. By slight abuse of notation, we may
consider u as a function in BV (RN) by extension by 0 outsider of Q). For every
r € (0,d(x,00)), consider the function v, = UXB(xr) € BV (B (x,r)). By the
formula 3.204 we have for every r € (0,d(x,9Q)):

Do, = DulL B (x,r) — uf) @ vB(x,,)’HN’l LoB(x,r). (3.211)

By Theorem 3.204 for HN"'-a.e. y € 9B (x, 1) we have

lim s~V /
s—0F B(x,r)NB(y,s)

u(z) — uB&" (y)’ dz = 0. (3.212)

Moreover, LN-a.e. y € Q) is a Lebesgue point for u, i.e.

lim s~V /B( | |u(z) —u(y)| dz = 0. (3.213)
Y5

s—07T

By the coarea formula for any real-valued Lipschitz function f it holds for L-a.e.
t € (0,d(x,0Q0)) that:

IVAILN =HN L {f =t} o L. (3.214)

Hence, for f = |- — x| we find that for L'-a.e. v € (x,d(x,0Q)) we have the
following:

LN =HN"1L 9B (x, 1) ® L. (3.215)

From 3.213 and 3.215 we find for L'-a.e. r € (0,d(x,0Q)) and HN"1-a.e. y €
9B (x,r) we find:

lim s_N/ lu(z) —u(y)| dz = 0. (3.216)
B(x,r)NB(y,s)

s—0t

Since 3.212 characterizes the trace u®“") uniquely, we find by 3.216 that HN-a.e.
on dB (x,r):

uB(x’r) = ”‘aB(x,r)r fOT El—a.e. re (0, d(x, aﬂ)) (3217)
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Moreover, by 3.211 for L'-a.e. r € (0,d(x,9Q)) we then have:
Dv, =Dul B (x,r) —u® 1/3(96,,)’7'{1\]*1 LoB(x,r). (3.218)

Consider now E C RN to be a set of finite perimeter in Q). Then in particular, we
can apply the above to u = xg, which implies the following:

(i) By 3.217, for L'-a.e. r € (0,d(x,9Q)) the trace of E on B (x,r) is given by
Xe™" = Xerobcan): (3.219)
(ii) By 3.218, for L1-a.e. r € (0,d(x,9Q))) it holds that:
Dxenp(xy) = DXEL B (x,7) — xg @ gy yHY T LOB (x,7).  (3.220)
(iii) By 3.220 we infer that for L -a.e. r € (0,d(x,0Q)) it holds that:

P(ENB(x,r),Q) = P(E,B(x,r)) + HN"YENdB(x,r)). (3.221)

This concludes our discussion of functions of bounded variation. In the next
chapter, we will turn our attention to minimal perimeter sets and the Plateau
problem related to that.
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Chapter 4

Minimal variation and perimeter

In this chapter, we are going to consider sets of minimal perimeter and functions
of minimal variation, for which we will define some notion of minimality. We
will take the theory developed in Chapter 2 and use its full force to show
existence and regularity results. This chapter follows the exposition given
in [9], [10], [5] and [11].

Definition 4.1 Let O C RN be an open set, and ug € BV, (RN ). We define the
following quantities

v (1o, Q) == inf{HDuH (Q)‘u € BVioe (]RN> ,supp(u —ug) C Q} .41
If Eg C RN is a set of locally finite perimeter in RN, then we denote

Y(Eo, Q) = v(XE,, Q). (4.2)

We say that a function u : RN — R is a function of minimal variation in Q
with respect to uy if

[Du|| (Q) = 7v(uo, Q). (4.3)

We say that a set E C RN minimal perimeter in Q) with respect to E if

P(E, Q) = v(Eo, Q). (4.4)

4.1 Existence and compactness results
We dive right into and prove the following existence result.

Theorem 4.2 Let O C RN be a bounded open set, and uy € BVioc (RN). Then,
there exists a function u of minimal variation in Q) with respect to uy.
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Proof For any u € BV, (RN) such that supp(u — u9) C Q we have that
IDul[ (B (0,R)) = [|Dul[ () + [[Duf[ (B (0, R) \ Q). (4.5)

Now, since supp(u — 1) C ), we have u = ug outside of Q). Then, we

in particular have uf? = ug{N\Q and so by Corollary 3.69 it follows that
|IDul| (B (0,R) \ Q) = ||Dugl| (B(0,R) \ Q). So, it suffices to find a mini-
mizer of (1o, B (0, R)). We note that y(ug, B (0,R)) < ||Dugl| (B(0,R)) < oo,
since 1y € BVjoe (RN) and supp(up — up) = @ C Q. Then, we can consider
a minimizing sequence (uy,),cn C BVioe (RY), ice.

supp(up —up) C B(0,R) (4.6)
[[Duy|[ (B (0,R)) < [[Duol| (B (0,R)) (47)
L [[Duy| (B (0,R)) = (1o, B (0, R)). (4.8)

By 4.7, the sequence (uy), o is bounded in BV (B (0, R)). By Theorem 3.19
there exists a subsequence (uy, ), converging tosome u in L' (B (0, R), LV).
Since u;,, = ug outside of B (0,R) for all k € N, we have supp(u — ug) C
B (0,R). Moreover, by Theorem 3.19 we know that u € BV}, (RV) and by
lower semicontinuity of variation we find that

7(uo, B (0,R)) < |[Dul| (B (0,R))
< liminf || Du || (DB (0, R)1) (4.9)

= 7(u0, B (0, R)).
0

As a corollary, we get the following existence result for minimal perimeter.

Corollary 4.3 Let QO C RY be a bounded open set and Ey C RN is a set of locally
finite perimeter in RN. Then, there exists a set E of minimal perimeter in Q with
respect to Ey.

Proof Applying Theorem 4.2 to ug = xg, € BVioc (IRN ) and using Theorem
3.25 instead of Theorem 3.19, yields the result. O

Furthermore, we have the following compactness result for functions of min-
imal variation.

Theorem 4.4 Let Q) C RN be a bounded open set, and uy € BVio. (RN). Suppose
(un)pen © BVioe (RY) is a sequence of functions of minimal variation in Q) with
respect to ug and suppose uy, — u in LL (RN, LN). Then, u € BVioc (RN) is a
function of minimal variation in Q) with respect to ug. Moreover, we have for any
open ball B (x,r) CC Q) that:

lim D | (B (x,7)) = [[Du] (B (x,7)). (4.10)
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Proof Let A CC Q) be open and ¢ : RY — RY a Lipschitz function such
that ¢(A) C A and ¢(x) = x outside of A. Then, we have v = ¢ o u. Define
now for any h € N

Uy = VXA + UpXRN\A- (4.11)

Clearly, we have supp (v, — 1) C Q and so by the minimality of uj, we find
the following:

IDw | (Q) < Doy (), V€N, (4.12)
We also note that

N\ A N
[Doy]| (@) = [Do]| (4) + /a =l AN Dy (RN A),

(4.13)
By L] .-convergence of 1, — u and continuity of trace, we have

/ |uA — ufm‘ N1, (4.14)
A

Now, by taking the limit # — oo we find by the lower semicontinuity of
variation that

Dul| (4) < liminf [Duy | (4) < [[Do]| (4) (4.15)

So by taking the limit A 1T Q) we have then ||Du|| (QQ) = v (uo, Q).
Now by considering ¢ = idgrn and A = B (x, r) we obtain that

D[ (B (x,7)) < liminf|[Duy || (B (x, 7))

< limsup || Duy|| (B (x,7)) (4.16)

h— o0

< |[Dul| (B (x, 7).

By 3.70 we know that ||Du|| (9B (x,r)) for L'-a.e. r € (0,d(x,0Q))). So by
4.16 we find that ||Du|| (B (x,7)) = ||Dul| (B (x,7)) and 4.10 follow. O

As a corollary to Theorem 4.4 we get a compactess result for sets of minimal
perimeter.

Corollary 4.5 Let Q C RN be a bounded open set, and Eg C RN a set of locally
finite perimeter in RN. Suppose (Ep,),cp i @ Sequence of sets of minimal perimeter
in Q with respect to Eg and suppose Ej, — E locally in RN. Then, E C RN is a set
of minimal perimeter in () with respect to Eg. Moreover, we have for any open ball
B (x,r) CC Q that:

;}im P(Ey, B(x,r)) = P(E,B (x,7)). (4.17)
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4.2 Uniform density estimates

For sets of minimal perimeter, we get even better density estimates than the
ones from the isoperimetric inequalities. This will also yield an improve-
ment on the compactness result. We begin with the uniform density esti-
mates for sets of minimal perimeter.

Theorem 4.6 Let O C RN be a bounded open set, and Ey C RY be a set of locally
finite perimeter in RN. Suppose E C RN is a set of minimal perimeter in Q with
respect to Eg and x € dE N Q). Then, there is ro € (0,d(x,9Q)) such that for all
r € (0,r9) it holds that:

LN(ENB(x,7)), LN(B (x,7) \ E) > crV (4.18)
NV < P(E,B(x,7)) < CirN ! (4.19)
HNT1(QN (BE\ 9*E)) =0, (4.20)

where c,c1,Cy; > 0 are only depending on N.

Proof We consider £(r) = LN(EN B (x,r)) for r € (0,d(x,9Q)). Note that
F, = E\ B(x,r) is a competitor for perimeter. Indeed, we have F, is a set of
locally finite perimeter in RN and F, \ Q = Ej \ Q. Then, we have for £!-a.e.
s € (r,d(x,0Q0)) by minimality of perimeter of E in ()
P(E,B(x,s)) < P(E,B(x,s))
=P(E\B(x,7),B(x,s)) (4.21)
=HN"YEN3B(x,r)) + P(E,B(x,5) \ B(x,s)).

Hence, we have as s — r we get that
P(E,B(x,r)) < HN"YENOB (x,7)). (4.22)

Also note that we have for r € (0,d(x,0Q))):
((r) = LN(ENB (x,r)) = / HN"YENB (x,5))ds. (4.23)
0

Then, 4.23 implies that for L'-a.e. r € (0,d(x,9Q)) ¢'(r) = HN"YEN
0B (x,r)). By Theorem 3.30 we find a dimensional v, > 0 such that for
Ll-ae. re (0,d(x,00)):

((r)'N < 1,P(ENB (x,r),RN)
< 7 (P(E,B(x,7)) + HN"Y(ENOB (x,7)))
< 27mHNYENAB (x,7))
=270/ (7).

(4.24)
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Inequality 4.24 yields for L!-a.e. r € (0,d(x,0Q))

() (= %E'(r)e(r)%
) (4.25)
> .
~ 2N7
N
So for ¢ = (ﬁ) and integration from 0 to r yields for every r &
(0,d(x,002)):
LN(ENB(x,7)) = 4(r
(ENB (x,1) = £0) w26)

Applying the same argument to RN \ E gives the result 4.18. By The-
orem 3.34 (iii) there is a dimensional constant 75 > 0 such that for all
r€ (0,d(x,00))):

s
N1 (4.27)
= s -1
75
So ¢ = £ yields the lower bound in 4.19. The upper bound we get

75
by Lemma lem:bddpervol, where there is some ry € (0,d(x,0Q))) and a

dimennsional constant C; = a > 0 such that for all r € (0, rp) it holds that:
P(E,B(x,r)) < CirN7L (4.28)

4.20 is a consequence of Theorem 3.45 (ii). O

This gives us the following improvement on the compactness of minimal
perimeter.

Proposition 4.7 Let QO C RN be a bounded open set, and Ey C RN be a set of
locally finite perimeter in RN. Suppose (Ej,), o be a sequence of sets of minimal
perimeter in () with respect to Eq and suppose that (Ej,), o converges to some set

Ein Ll _(Q,LN). For any x € 9E, there is some ry € (0,d(x,0Q)) such that for
all € > O there is hg € IN such that for all h > hy:
To ro
9E, N B (x, E) c <8E NB (x, 5))8, (4.29)

where Uy = Uyeu{z € RN [z — y|| < e}.
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Proof Suppose that this is not true. Then there is some ¢y > 0 such that there
exists a sequence (zj,),c Of points z, € 9E, N B (x, %) such that ||z, — y|| >
eforally € 9EN B (x, ). By Theorem 4.6 we then find for all 1 € N:

/B( 05 = el = min {£N(E, B (21,20)), £V (B (zh,20) \ Ex) )

> csé\] .
(4.30)

But this is a contradiction to the convergence xg, — xg in L{ . (Q,£N). O

This ends this short section on uniform density estimates.

4.3 Monotonicity formula

In this section we would like to show the monotonicity of the following

function
IDxEell (B (x,7))
wn_1rN-1

®(E,x)(-) : 7 € (0,d(x,0Q)) > (4.31)

for every x € oE and E C RY a set of minimal perimeter in open set Q. But
first we note the following scaling property of ®.

Lemma 4.8 Let E C RN be a set of locally finite perimeter in RN. The for any
x € OE and r > 0 we find that:

®(E,x)(r) = ® <E — x,o) (1). (4.32)

r

Proof We consider any ¢ € CL(B (0,1)) with | ¢||,, <1 and set ¢(x +ry) =
@(y). Then ¥ € CL(B (x,7)) with ||¢||,, < 1 and we find by chain rule and
substitution:

1 . )
. / Xees (y)div (¢) (y)dy = 7 / Xe(x+ ry)div () (x + ry)dy
N-1JB(01) 7 B(0,1)

1

B wn_1rN1

/B L, KW () ().
' (4.33)

By taking the supremum over all such ¢ and noting that

¢ € C(B(0,1) = (x+1y = ¢(y)) € Ci(B(x,7)) (4.34)

defines a bijection, we obtain that ®(E, x)(r) = ® (£2,0) (1). O

T 7

For cones, we get the following preliminary result. For the definition of a
cone see Definition 5.17.
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Lemma 4.9 Let C C RN be a cone of locally finite perimeter in RN centered at
some x € 0*C. Then the map ®(C, x)(-) is constant.

Proof Since C is a cone centered at x we have that C — x is a cone centered
at the origin. Therefore, C;x = C —x for all r > 0. By Lemma 4.8 it follows
for all » > 0 that:

O(C,x)(r) = @ <C - x,o) (1)
= ®(C—x,0)(1).

(4.35)

Since the last expression is independent of 7, it follows that ®(C, x)(-) is a
constant function. U

Now we can state the monotonicity result for minimal perimeter.

Theorem 4.10 Let QO C RY be a bounded open set and Ey C RN be a set of locally
finite perimeter in RN. Suppose E C RN is a set of minimal perimeter in Q with
respect to Eg and x € 9*E N Q). Then the function ®(E, x)(-) is a non-decreasing
function on (0,d(x,0Q))). Moreover, ®(E,x)(+) is constant if and only if E' is a
cone centered at x.

4.3.1 Cones of locally finite perimeter

To prove Theorem 4.10, we need to first prove an alternative charcterisation
of cones of locally finite perimeter.

Proposition 4.11 Let C C RY be a set of locally finite perimeter in RN. Then C!
is a cone if and only if for HN"1-a.e. x € 9*C it holds that x - vg(x) = 0.

Figure 4.1: Open cone C(v,7).
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4. MINIMAL VARIATION AND PERIMETER

Proof For any v € SN~ and r € (0,1) we consider the open cone
Cv,r) ={Az|A>0,z€ B(v,r)}. (4.36)

Since C(v, r) has Lipschitz boundary, it is a set of locally finite perimeter and
we have by the generalized Gauss-Green formula 3.46 that for any € > 0 and

x € dC(v,r)
ey () dHN T :—/ div (y)d
/BC(v,r)ﬂB(x,e)y cw )(y) (y) C(v,r)NB(x,¢) (y) Y (4.37)
< NwyeN.

By this computation and taking limit ¢ — 0, we must have that for all
x € 0C(v,r) we have
X Ve, (x) = 0. (4.38)

If now C is a set of locally finite perimeter in R, then for any 7,5 > 0
and v € SN~ the set CNC(v,7) N B(0,s) is a set of finite perimeter and by

Theorem 3.41:
Dxcne (s = VEHY 'L (9*CNC(v,7) N B(0,s))
+venHN L (C' NAC(v,r) NB(0,s)) (4.39)
+ HzIIHN_l L (C'nC(v,r) NIB(0,s)),

where we used that v = % the inner unit normal for a open ball. Since
X Ve(y,)(x) = 0 for x € 9C(v, r) we obtain by 3.46 that

NLN(C N C(v,r) N B(0,5)) :/ div (y) dy
CNC(v,r)NB(0,s)

-/ e ve(y)an ) G40
9*CNC(v,r)NB(0,s)
—sHN"YC N C(v,r) N3B(0,s)).

Now set u(s) := LN(CNC(v,r) N B(0,s)). By the coarea formula we have
that for all s > 0:

S
u(s) = / HN-UC A C(v,r) NAB (0, 1))dE. (4.41)
0
So for L1-a.e. s > 0 we find by differentiation that:

<u<s>>’ _'(s)  Nu(s)

SN SN GN+T

. (4.42)
440 fa*CﬁC(v,r)ﬂB(O,s) y-ve(y)dHY " (y)
- gN+1 :
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4.3. Monotonicity formula

We introduce now the following notation for y € RN\ {0}, v = m T €
(0,1) and s = ||y||:
A(y,r) = (C(v,r)NB(0,s(1+7r)))\B(0,s(1—r)). (4.43)

By boundedness, for any y € RN we can find constants «, 3,79 > 0 only

Figure 4.2: Annulus sector A(y,7).

depending on y such that:
B(y,ar) C A(y,r) C B(y,Br), Vre (0,r). (4.44)

Now we show the two implications of Proposition 4.11. Assume first that C!

is a cone, then also C' N C (v,7) is a cone. Then, ”S(—f,) is constant in s. Indeed,
for all s > 0 we find:

W) _ pw (CﬂCS(V,r) mB(o,1)>

sN (4.45)
=N nc(v,r)nB(0,1)).

Hence, by 4.42 we must have for all s > 0,7 € (0,1),v € SN-1:

/ yve(y)dH " (y) = 0. (4.46)
9*CNC(v,r)NB(0,s)

This implies for all y € RN \ {0} and r € (0,1) we must have:

/ x-ve(x)dHN"(x) = 0. (4.47)
o*CNA(y,r)
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4. MINIMAL VARIATION AND PERIMETER

By Corollary 2.45 HN"1-a.e. y € 9*C is a Lebesgue point of the function
x - ve(x) with respect to the Radon measure #N~!_9*C and therefore:

lim lx-ve(x) —y-ve(y)|dHN "t = 0. (4.48)
r—=0% Ja+CcnB(y,r)

In particular, by the inclusions 4.44 we see for N !-a.e. y € 9*C \ {0}:

lim lx-ve(x) —y-ve(y)| dHN 1 (x) = 0. (4.49)
=0 JocnA(y,r)

Together with 4.47, we find that y - v (y) = 0 for HN"!-a.e. y € 9*C.
Conversely, assume that y - ve(y) = 0 for HN"l-ae. y € 9*C. Now, let
y € C'\ {0} and A > 0. To show is Ay € Cl. By assumption we find that by

4.42, % is constant in s. This implies that for any r € (0,1)

LN(CNA(y,r) =LNCNC(v,r)NB(0,5(1+71)))
— N nC(v,r)NB(0,5(1—71)))

_u(As(147))  u(As(l—r)) (4.50)
AN AN

_ LN(CNA(Ay,T))

— N ,

Since A(Ay,r) = AA(y,r) we must have by 4.50:

LN(CNA(Ay,T)) B LN(CNA(Ay,T))

LN(AQAy, ) LN(AA(y, 1))
LN(C N A(Ay, 1))
= 451
W LNAG, 1) oy
450 LN(CNA(y,rT))
LN(A(y,r))
Since y € E! we have by Remark 3.44 and the inclusions 4.44 that:
N N
lim LY(CNA(Ay, 1)) ~ lim LY(CNA(y,r))
r—0+  LN(A(Ay, 7)) r—0t  LN(A(y,r)) (4.52)
=1
So by Remark 3.44 we can conclude Ay € E! and hence E! is a cone. g

Proof (Theorem 4.10) Up to translation and scaling we may assume that
x = 0 and d(x,0Q0) = 1. Now by Theorem 3.12 we can choose a sequence
(tp)pen € C®(B(0,1)) such that ||uy, _XEHBV(B(O,l)) — 0as h — co. We
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4.3. Monotonicity formula

consider for every 1 € N and r € (0,1) the following quantities:

ay(r) = ‘/B(O : IVuy|| dy — [[Dxe| (B (0,1)) (4.53)

by(r) = /
9B(0,r)

We note that by minimality of perimeter of E, we find for any function v

with v507) = ug(o,r) for r € (0,1) extended to be xr outside of B (0,r) that
using the coarea formula:

ullj(o,r) B Xg(m)‘ dHN-1, (4.54)

1
IDxz]| (B (0,1)) < / P({o > t},B(0,1))dt

(4.55)
< [|Dof| (B (0,1)).
This yields, in particular, for any r € (0, 1) using Example 3.70
IDXEll (B (0,7)) < [[Do]| (B(0,r)) + bu(r), (4.56)
and therefore
[, IFuldy <Dl (BO.) +a) b0 657

Now set Jj,(r) == [, B(0y) ||Vuy|| dy and consider the radial extension v of u,

given by v(y) = uy, (H%H) We note that we have the following identity:
(N=1) Do) (BO1) = [ [[Vrum|dy, (458)
3B(0,1)
So, it follows that:
Ju(1) = (N 1) D]l (B(0,1) + ( / oy 9l = ¥ dy) . @59)

Since v is exactly a function as in the preceding discussion, we find that:

Ju(1) = (N = DJu(r) + (/aB(Ol) IVup|| = [[Vru| dy> — Ci(an(1) +by(1)),

(4.60)
where C; > 0 is some dimensional constant. Now, since || Vuy||* (y) =

IV ruy||* (y) + (Vup(y) - y)2and 1 — /1 —t > § for t € (0,1) it follows that:

(1) — (N=1)],(r) > NVun(y) - y)* 4
WO =N -1 25 [ S By clan) + i) @
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4. MINIMAL VARIATION AND PERIMETER

LI)H we find that the left side in 4.61 corre-

WN-1T
Now, considering the rescaling ®,(t) = @, (tr) we find

Note now that if ®,(r) =

sponds to CID;Z(l).
that for r € (0,1)
_1
Cor

&, (1)

Vu -y)?
= % /33(0,r) ||(whh<(yy>)u %) dy — Co(an(r) + bi(r)),

for some constant C, > 0 only depending on » and N. Now, integration on
an interval (r1,72) C (0,1) and application of the Cauchy-Schwarz inequal-

P, (r)
(4.62)

ity yields:
2
fB(o,r N\B(0,r1) Vuhfvy dy r
@y (r2) — Dy(r1) > ( i ||\vauuhu ) — G / ay(r) + by (r)dr. (4.63)
"

B(0,r2)\B(0,71) [N

Now, letting i — o0 and using the convergence fB(O,r) |Vuy|| dy — ||Dxel| (B (0,7))

for L!-a.e. r € (0,1) and so we must have a;,(r) — 0 and b, (r) — 0. Hence,
by taking limits, we find that:

(Jsormon 255)
|12 1)y
oxel 20 eh
B(0,r2)\B(0,r1) ||y N1

®(E,0)(ry) —P(E,0)(r) >

for L1-a.e. 11 < rpin (0,1). In fact, for any such pair in (0,1) as for any se-
quence r;, — 11 in (0,1) we have limy,_,« ||Dxel| (B (0,7,)) = ||Dxell (B (0,7)).
We note that we have equality in 4.64 for all r; < r; ifand only if Dxg-y =0
for almost all y and by Proposition 4.11 this is only the case for a cone E!
centered at the origin. Il

In Chapter 5 we will see another proof of the monotonicity in Theorem 4.10,
which deals with this problem in a different way.

4.4 Singular sets and blowup limits of sets of minimal
perimeter

We introduce here the notion of singular sets and consider blow-up limits at
points of singular sets.

Definition 4.12 Let E C RN be a LN-measurable set and Q) C RN be an open set.
We define the singular set of E in () as the following set:

%(E,Q) := QN (E\ 9*E). (4.65)
We call x € X(E, Q) a singular point of E in Q).
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4.4. Singular sets and blowup limits of sets of minimal perimeter

Remark 4.13 IfE C RN is a set of minimal perimeter in Q) we have already shown
in Theorem 4.6, that HN~1(Z(E,Q))) = 0.

We have the following compactness result for singular points.

Theorem 4.14 Let O C RN be a bounded open set, and Ey C RN be a set of
locally finite perimeter in RN. If (Ey),op and E C RN are a sequence sets and a
set of minimal perimeter in () with respect to Eq and

(i) (Ep)jeny converges to E locally in RY,
(it) for any h € IN we have x;, € % (Ej, Q)), and
(it1) x € QN IE such that limy,_,,, x;, = x,

then x € X (E,Q)). Furthermore, for any € > 0 and K C Q) compact, there exists
ho € N such that

S (Ep,, Q)NK C (Z(E,Q)NK),, Yh> h (4.66)

Proof Suppose for the sake of contradiction that x ¢ X (E, Q). In particular,
we would have x € 9*E. By Corollary 4.5 we can choose i € IN large enough
such that x;, € 9*E;, which is a contradiction.
Again for the sake of contradiction suppose that there are g > 0, a compact
subset Ky C (2 and a sequence kg oo, elements y; € X (Ehk, Q) N Ky such
that

d(ye, & (E, Q) NKo) > eo, VkeN. (4.67)

As (Yi)ren C Ko and Ky is compact, we can choose a subsequence (v, ) teN
such that y = limy_, ¥, € Ko. Since (E,), . still converges locally to
E, y,, € & (Ek[,Q), by the first part of this theorem we know that y <
% (E, Q) N Ky. In particular, there is some ¢y € IN such that y;, € B (y,¢) C
(X (E, Q) NK), for all ¢ > £, which contradicts the supposition 4.67. O

Now we are ready to state and prove the following theorem concerned with
blowups of sets of minimal perimeter.

Theorem 4.15 Let O C RN be a bounded open set, and Ey C RN be a set of
locally finite perimeter in RN. If E C RN is a set of minimal perimeter in Q) with

respect to Eg and x € X.(E,Q)), then there exist a sequence (ry,),cp With 1y, "2
and a cone C of minimal perimeter in Q) with respect to Eg with 0 € % (C, Q) such

that Er—;x "2 locally in RN,

Proof By Lemma 4.8 we infer that for all » > 0 it holds:

P <E ; x,o> (t) = ®(E, x)(tr), Vt>0. (4.68)
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Now by Theorem 4.10 the sequence of perimeters P (E;X,B (0,5)) is uni-

formly bounded for all s € (0,d(x,0Q2)). By Theorems 3.25 and 4.5, we
can extract a subsequence (ry,),cn C (0,00) with limy,_, 7, = 0 such that

(Er_h x>h N converges to a set C with minimal perimeter in () with respect
S

to Eg. By Theorem 4.14 since 0 is a singular point of E;h * for all h € N, we
obtain 0 € X (C, Q).
By Theorem 4.5 we have that

®(C,0)(t) = lim ® <E — x,o) (t)

h—ro0 Ty
= lim ®(E, x)(try) (4.69)

h—o0

— &(E, x)(07).

The last term in 4.69 is independent of t and therefore ®(C,0)(-) is constant,
which implies that C is a cone by Theorem 4.10. O

4.5 Partial regularity of sets of minimal perimeter

In this section, we will prove de Giorgi’s regularity result for flat sets of
minimal perimeter. We show the following result.

Theorem 4.16 Let E C RN and x € OE. Assume that E has minimal perimeter
in Q) with respect to Eg. There exists ¢ > 0 only depending on N such that if

dENB (x,r) C {|yn| < €} (4.70)

for some r € (0,d(x,9Q)), then there is some unit vector v € SN=1, then 9E N
B (0, %) is the graph of a CY* function.

To prove this, we need the following lemma, the so-called improvement of
flatness. We will follow [12], [10] and [13].

Lemma 4.17 Let E C RN and x € OE. Assume that E has minimal perimeter in
Q) with respect to Eg and v € (0,d(x,0Q)). There exists y,p € (0,1) and gy > 0
such that, if

JdENB (x,r) C {|yn| < €} 4.71)

for some € € (0,¢&), then
JdENB (x,pr) C {ly-v| < npe}, (4.72)
for some unit vector v e SNL,

Proof For a proof of Lemma 4.17 see Lemma 6.4 in [13]. O

We use now Lemma 4.17 to sketch a proof of Theorem 4.16.



4.5. Partial regularity of sets of minimal perimeter

Proof (Theorem 4.16) Up to scaling everything by 1 and translating by —x,
we can assume that x = 0 and » = 1. Assume first that v = ey. By Lemma
4.17 we know that there exist 17,0 € (0,1) and ¢y > 0 such that we have the
following implication for some € € (0,¢€):

dENB(0,1) C {|lyn| <e} = 9ENB(0,p) C {|lyn| < npe}. (4.73)

Consider now the rescaled set E; := %. Then we have, by the assumption
of the theorem, that 0E; N B(0,1) C {|yn| < ne}. We have pe € (0,¢), so
we may apply Lemma 4.17 to E; and obtain the following result:

OE1NB(0,p) C {|yn| < 7* pe}. (4.74)
In terms of E, the inclusion 4.74 then becomes
IENB(0,0°) C {lyn| < 1% 0%} (4.75)

By iterating this process, we find for any k € IN, that

9E B (0,0") C {lynl < ipe} = {luw| < pe}, @70

Where we have chose « > 0 such that p* = 5. Now, given any s € (0,1),
there exists k € IN such that pk <s< pk_1 and, therefore,

OEN B (0,5) CIENB (0,0
C {|]/N| < p7(1+rx)sl+zx€}‘

Thus, we conclude that 9E N B (0,s) C {|yn| < Ces'**} for all s € (0,1]
with C = p~(1+%),
In general, we do not have v = ey. In general, our iteration 4.76 will be of

the form
dENB (0, pk) C {ly - v < pHekey, (4.78)

for some sequence (vj),cn C SV 1. However, the inner products vy - v at
each iteration step can be to far of from 1 (see Figure 4.3), implying that

v = Vit > = 201 = v - Vg1 (4.79)

becomes small as k — 0. So, the sequence (vj); <y converges to some unit
vector v € SN~1, Hence, the general bound inclusion we can obtain is:

OENB(0,s) C {|ly-v| < Ces'™}, s e (0,1]. (4.80)

Let now z € 9EN B (0, 3). Since B (z, 1) C B(0,1), we must have that

9ENB <z, ;) c {|lyn| < ¢}. (4.81)
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Bo,s*)

(a+ x)k+4) e

Figure 4.3: v - Vg1 is not too large.

Suppose now ¢ < 2 and set E, := 2(E — z). Then we find that by 4.81 we
find that
dE-NB(0,1) C {|yn| < 2¢}. (4.82)

So by the argument above applied to E; in place of E, we obtain for any
z€ dENB (0, %) that there is some unit vector v, € SN~1 such that:

1
OENB(z,8) C{ly —z - vs| <2Ces'™}, sc <O’Z> : (4.83)

From this we obtain, that 9EN B (0, 1) is the graph of a C** function. Indeed,
v?-a- \{\/
oF —*,

Figure 4.4: JENB <O, %) is a Cl% graph.
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in Figure 4.4, it is evident, that if we take z1,z, € B (0, %), which are very
close too eachother, that their normals v,, and v, to JE, are in fact very close
too eachother, which can only be the case if dE N B (0, %) is the graph of a
Cl* function. O

Now we have the following result due to Simon [14] classifying cones of
minimal perimeter.

Theorem 4.18 Let N > 2 and Q) C RN be a bounded open set and Ey C RN be a
set of locally finite perimeter in RN, If there is a cone C C RN of minimal perimeter
in Q) with respect to Eg and £(C, Q) # @, then N > 8.

Remark 4.19 Theorem 4.18 together with Remark ?? in fact implies that if C C
RN, for 2 < N < 7, is a cone of minimal perimeter in ), then its boundary must
be a CY* hypersurface, as locally by Remark 22 9C is the graph of a function C1*,
and since C is scaling invariant, its boundary must globally be C'*. This is in
fact consistent with the result for soap-films by Taylor in [1], if we have a minimal
soap-film, which is the interface between two sides, i.e. modeled by a set of minimal
perimeter.

4.6 Quasi-minimizer of perimeter

We now generalize our understanding of sets of minimal perimeter a bit
with the concept of quasi-minimizers of perimeter. We will also discuss some
properties, like density estimates and compactness, that we have seen in the
preceding sections. This section will follow [11].

Definition 4.20 Let ¢ : (0,00) — (0,00) be an increasing continuous function
with lim, 0 &(r) = 0 and QO C RN be an open set. We say that a LN -measurable
set E C RN is a quasi minimizer of perimeter in Q) for gauge function & if

P(E,B(x,r)) < (1+¢&(r))P(F,B(x,r)), (4.84)

whenever x € 0EN Q) and EAF CC B (x,r) N Q). We denote by Mg (Q)) the set
of quasi-minimizers for the perimeter in Q) for the gauge function ¢.

We have already discussed the prototypical example of quasi-minizers of
perimeter in the preceding sections. We call them sets of minimimal perime-
ter. This is the content of the following proposition.

Proposition 4.21 Let QO C RN be a bounded open set, and Ey C RN be a set of

locally finite perimeter in RN. If E C RN is a set of minimal perimeter in Q) with
respect to Eg, then we have E € My (Q)).
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Proof Fix x € 9ENQ, F € RY and r > 0 such that EAF CC B (x,7) N Q.
We note that we have:
supp(Xr — XE,) = supp((xr — X£) + (Xe — XE)))
C supp(xr — X&) Usupp(Xe — X&)

= (EAF) Usupp(XE — XE,)
c Q.

(4.85)

This implies that F is a competitor for perimeter for E in (). Since E has
minimal perimeter in (), it follows that P(E,Q}) < P(F,Q)). Now, we can
observe that:

P(E,B(x,r)) — P(F,B(x,r)) = P(EAF,B (x,r))

P(EAF, Q) 456
= P(E,Q)) — P(F,Q) '
<0.

This shows that E € My (Q). O

The next proposition establishes the rescaling and translation properties of
quasi-minimizers, which will be crucial, when considering blowups.

Proposition 4.22 Let () C RN be an open set, E € Mg (Q), A >0,and x € RN.
Then we have £5* € Ma (252), where &' (r) := &(Ar).

Proof Set E/ = % and O = 0;". Now choose y' € JoE’, r > 0, and
F' € RN such that E'AF' cC B(y/,r)NQ. Set F = AF +xand y = Ay + x.
Then we note that:

EAF = A(E'AF) + x
CCAB(Y,r)NnQ) +x (4.87)
= B(y,Ar) N Q.
Then it follows that:
P(E',B(y,r)) = P(E,B(y,Ar))
< (1+&(Ar)P(E, B (y,Ar)) (4:88)
= (1+Z(r)P(F,B(y,7)).
This shows that E' € Mg (€)'). O

Like sets of minimal perimeter, quasiminimizer also have an upper density
estimate.

Proposition 4.23 Let O C RN be an open set. If E € Mz (Q), x € Q and
r € (0,d(x,0Q))), then we have:

P(E,B(x,1)) < c(1+4&@2r)rN 71, (4.89)

where ¢ > 0 only depends on N.
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Proof We may assume that P(E,B(x,r)) # 0, otherwise the statment is
trivially true. Fix now y € dEN B (x,r) and s < r. Then we have:

P(E,B(x,r)) < P(E,B(y,2r))

2 (1+2)PE\B(,2),B(5,2)

= (142(2n) MV (ENDB (v,25)) + P(E, B (y,2r) \ B (1,25))
< (1+¢(2r))(Nwn (25)" " + P(E, B (y,2r) \ B (y,25))),

—~

(4.90)

where we used at () that E € Mg (Q)), and Example 3.70 at (xx). The result
follows by taking the limit s — r. O

We also have the following compactness result for quasi-minimizers.

Proposition 4.24 Let QO C RN be an open set and (E), o be a sequence of quasi-
minimizers Ej, € Mg, (Q), such that (Cp,),,cpy converges pointwise to an increasing
function ¢ with lim,_,o§(r) = 0. Then, there exists a subsequnce (Ehk) con-
verging locally in RN to a set E € Mg (Q).

keN

Proof By Proposition 4.23, we find for every 1 € IN and every B (x,r) CC ()
P(E,B(x,7)) < Nwn2N 71 (1 4 & (2r)rN 71, (4.91)

Since ¢, — ¢ pointwise, we must have that P(Ej, B (x,r)) is uniformly
bounded for every h. By a covering argument, we also find that P(Ej, A) is
uniformly bouded for every / and every open subset A CC ). By Theorem
3.25, we must have that there is a subsequence (Ehk)keN converging locally
in O to some set E. Now, fix x € 9E, r > 0 and F € RN such that EAF CcC
B (x,7) N Q). By local convergence of E;, to E we may choose kg > 0 such that
E, AF CC B(x,r)NQ for all k > ko. By lower semicontinuity of perimeter
we find that

P(E,B(x,r)) < li;nian(Ehk,B (x,1))
< liminf(1 + ¢y, (r))P(F, B (x,7)) (4.92)
— (1+&(r)P(F, B (x,7)).
This shows that E € Mg (Q)). O

There are also similar bounds for the Lebesgue measure of quasi-minimizers
of perimeter as in Theorem 4.6 for sets of minimal perimeter.

Proposition 4.25 Let ) C RN be an open set, E € Mz (Q), x € dE N Q. Then
forall r € (0,d(x,0Q)) it holds that:

crN 1
2 e < LN(ENB(x,1)) < (1 - W) crv, (4.93)
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where ¢, C > 0 only depend on N.

Proof Let /(r) := LN(EN B (x,7)). Then by the coarea formula it follows for
Ll-ae. re (0,d(x,00)):

max{P(EN B (x,r),dB(x,r)),P(E\ B(x,r),0B (x,7))} < {'(r). (4.94)

By the Poincaré inequality (Theorem 3.34 (iii)) we know that:

(4.95)

’)]/'g(r)NNl < P(ENB(x,7),B(x,1))
5
=P

(E,B(x,r))+P(ENB(x,r),9B(x,1)).

Consider now F = E \ B(x,r). Then we have EAF CC B (x,s) N Q) for all
s > r. Since E is a quasi minimizer for perimeter in () for the gauge function
¢ we have that:

P(E,B(x,s)) < (1+¢&(s))P(E\ B (x,r),B(x,s)). (4.96)

By continuity of { we get for s — r that

P(E,B(x,r)) < (1+¢(r))P(E\B(x,r),B (’(‘ (4.97)

= (14+8(r))P(E\B(x,7),0B
By 4.95 and 4.97 we find for L!'-a.e. r € (0,d(x,0Q))):

1 N-1
%E(r) ¥ < (2+8(r)P(E\ B(x,7),9B (x,1)) (4.98)

< @2+ ().
This gives us for some ¢ > 0 only depending on N:
1\’ c
N > —. .
() 0= 55 (299)

By integrating 4.99 from 0 to r, we get the lower bound of the theorem.
By replacing E by RM \ E and arguing in the same way, we find the upper
bound. U

Similarly to Theorem 4.6, we find a lower density bound for quasi-minimizers
of perimeter.

Proposition 4.26 There exists a constant ro > 0 only depending on the gauge
function &, such that if E € Mg (Q)), x € 0ENQ and r < rg, then

P(E, B (x,1)) > %W*l. (4.100)
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Proof Suppose for the sake of contradiction that there exist a sequence
(En)pen € Mg (Q), a sequence of points x, € dE, N () and a sequence of
positive real numbers r;, with limy,_, 1, = 0 such that

P(Ey, B (x3, 1)) < whz’*lr,fj—l. (4.101)

By Proposition 4.22 we know that F, = E;hxh € Mg, (Qf"’l> for ¢, (r) =

n
&(ryr). Note that {, — 0 as h — co and so by Proposition 4.24, up to
restricting to a subsequence, we can assume that F; converges locally in RN
to a set F € M (RV). By lower semicontinuity of perimeter we find

P(F,B(0,1)) < liminf P(F, B (0,1))
—00

1

= liminf —— P(E,, B
im in e (En, B (xp, 1)) (4.102)
WN-1

— 2 M

By Proposition 4.25 there are constants ¢, C > 0 depending only on N and
r such that cr* < LN(FN B (0,r)) < CrN. Since limy,_,0, LN(F,N B (0,7)) =
LN(FN B(0,r)), it must follow that 0 € 9F. Since F is a set of minimal
perimeter, it follows that P(E, B (0,1)) > wy_1, which is in contradiction to
4.102. O

Finally, we have the following result for the reduced boundary of quasi-
minimizers of perimeter in RY.

Corollary 4.27 Let QO C RN be an open set. If E € Mz (Q), then
HNH QN (0E\ 9*E)) = 0. (4.103)

In particular, we have that |Dxg| = HN~1L9E N Q and in Proposition 4.24 we
have convergence of oEj, to OE in the following sense:

(i) If (x3) e 1S @ convergent sequence of points x, € oE, N Q with limit x € Q,
then x € JEN Q).

(ii) If x € 0E N (), then there exists a sequence (xy,),cn of points x;, € 0E, N Q)
converging to x.

Proof By Proposition 4.26, we find that the measure HN"!1L9*E = P(E,")
has a positive (N — 1)-dimensional density on the set dE and so in particular
on the set oE \ 9*E. By Theorem 2.54, we then know that for any Borel set
A C RN with HN71(A) < oo, HN"1L A has 0 (N — 1)-dimensional density
in HN"1l-a.e. points of RN\ A. Applying this to A = 9E N, we obtain
HN-1(QN(OE\ 9*E)) = 0.

If now Ej converges to E and satisfies all the assumptions of Proposition 4.24,
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any point of oE can be approximated by points of dEj, by the convergence
of Dxg, to Dxg, which proves (ii). By Proposition 4.26 and the convergence
of |Dxk,|| to ||Dxe||, it follows that every limit point of dE;, belongs to JE,
proving (i). O

To end this final discussion of perimeter minimizer, we will state an ex-
tended partial regularity result for quasi-minimizers, which is even more
along the lines of Taylor’s results for soap-film regularity. The proof of this
result can be looked up in [15].

Theorem 4.28 Let O C RN be an open set and suppose that a € (0,3] and
&(r) = cr®™. There exists a constant C > 1, depending only on N and &, such that
ifE € Mg(Q), x € dENQand r € (0,1), then there are y € 0E, t > & with
B (y,t) C B(x,r) and such that 9E N B (y, t) is the graph of C'* function.

Remark 4.29 This is very much along the lines of Taylor’s results in [1]. There they
consider exactly Almgren minimal sets as in Definition 5.3 with gauge functions
exactly of the form as in Theorem 4.28. In essence, Theorem 4.28 states that locally
a soap-film-like minimal surface consisting only of one sheet, i.e. the perimeter of a
set of minimal perimeter, is a C'** hypersurface.

This concludes our discussion of quasi-minimizers of perimeter and this
chapter on minimal variation and minimal perimeter.



Chapter 5

Almost minimal sets and the Plateau
problem

In this, we discuss minimal sets in the sense of Almgren and Taylor in [16]
and [1]. Moreover, we delve further into the theory of almost-minimality in
the sense discussed in [2].

5.1 Plateau’s problem for spanning sets

This section is concerned with the modeling of soap films by so-called span-
ning sets and the related Plateau problem. The goal is to understand what it
means for a set to be spanning with respect to some contour, modeling the
physical case in three-dimensional Euclidean space of a soap-film spanning
a wire. This section will follow the exposition given in [17]. This section
mainly establishes some kind of existence of minimal soap-films, which are
of interest to us.

Definition 5.1 Let N > 2, T C RN*! be a closed set and set Q) := RN+1\ T,
A spanning class for T is collection C of smooth embeddings S' — Q) closed
under homotopy, i.e. if { ¢t }4e(o,1] is a continuous one-parameter family of such that
@o € C, then ¢; € C forall t € (0,1]. Given a spanning class C for T, we call a
relatively closed subset E C () C-spanning if

EN«(SY), forall y € C. (5.1)
Denote by F (T, C) the family of all C-spannings set of T.

The next theorem is part of a theorem in [17] establishing the existence of a
solution to the Plateau problem for spanning sets.

Theorem 5.2 Let N > 2, T C RN*! be a closed set and set Q) := RN\ T and
let C be a spanning class for I'. Assume that

inf{HN(E) | E € F(T,C)} < oo. (5.2)
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Then the following holds:

(i) There is a minimizing sequence of HN-rectifiable sets {E;}jeny C F(T,C) for
5.2. Moreover, the sequence of restricted Hausdorff measure H" L E; locally
weakly* converges on Q) to a Radon measure y = OHN LE, where 6 > 1 and
E = supp(p) \ T is a rectifiable minimizer for 5.2, i.e. E € F(T,C).

(ii) The set E from (i) is a (M, 0, c0)-minimal set in () in the sense of Almgren.

5.1.1 Almgren minimal sets

To finish this short section, we explain what (ii) in Theorem 5.2 actually
means. To this end, we introduce the concept of Almgren minimal sets as
described in [1].

Definition 5.3 Let N > 2,1 < k < N, T < RN* pe a closed set and set
Q = RN*I\T. A relatively closed and HF-rectifiable subset E C Q is called
(M, ¢, 6)-minimal in Q) of dimension m for non-decreasing continuous function
¢ :(0,00) — [0,00) with lim,_,eo &(r) = 0 and 6 > 0, if

(i) For any Lipschitz continuous @ : RN*1 — RN+1 sych that
d(WU g(W),T) > 0 (5.3)
r:=diam (WU ¢(W)) <6 (5.4)
where W := {x € RN*! | ¢(x) # 0}, it holds that:
HNENW) < (1+E(n)H (p(ENW)). (5.5)

(ii) E = supp(HFLE)\T.

We say that E is (M,0,0)-minimal in Q of dimension k if E is (M,0,6)-
minimal in Q) of dimension k for all § > 0.

5.2 Minimal sets

In the following we introduce a new kind of minimality, which is less restric-
tive than the Almgren minimality from Definition 5.3. This will enable us to
prove a monotonicity resulty, i.e. that a function

r > Oc(E, x)(r) = w;k%k(E A B(x,7))

is non-decreasing for minimal set E C RN*! in this new sense. This section
is closely based on the treatment in [2].

As promised, we will start with the definition of a broader sense of minimal-
ity of sets in open subsets in RN*1.,
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Definition 5.4 Let N > 2,1 < k < N and Q C RN*! be an open subset. Fix a
relatively closed and H*-rectifiable subset E C Q. Then we define:

(i) A competitor for E in a compact set K C Q) is a set F = ¢(E), where
@ : RNTL — RN* s g Lipschitz continuous with

* ¢(x) = x forall x € RN*1\ K, and
* ¢9(K) CK
(i) A gauge function is a non-decreasing continuous function & : (0,00) —
[0, 00) such that lim,_, (r) = 0.

(iii) E is called almost minimal in () of dimension k for the gauge function
¢ if for any compact set K C Q with r := diam (K) and any competitor for
E in K we have the following:

HYENK) < H (@(ENK)) +rE(r). (5.6)

(iv) E is called minimal in Q) of dimension k if E is almost minimal in Q) of
dimension k for gauge function ¢ = 0.

(v) We say E is reduced if H*(E N B(x,7)) > 0 forall x € E and r > 0.

First, we make the observation that small parts of an almost minimal set are
still almost minimal.

Proposition 5.5 Let N > 2,1 <k < Nand Q) C RN pe an open subset and
E C Q) be an almost minimal set in Q) of dimension m for gauge function §. Then
it holds for any x € QY and r > 0 such that B (x,r) C Q) that EN B (x,r) is almost
minimal in B (x,r) of dimension k for the gauge function ¢.

Proof Fix x € QY and r > 0 so that B (x,r) C Q. Let K C B (x,r) be compact
and ¢ : RN*! — RN*1 be Lipschitz continuous such that ¢(y) = y for all
y € RN*1\ K and ¢(K) C K. Then ¢(E) is a competitor for E in K and so
by almost minimality of E it follows by 5.6:

HNENK) < HY(@(ENK)) +7E(r), (5.7)
where r = diam (K). Since K C B (x,r) we find for E = EN B (x,r) that:

HYNENK) =H(ENB (x,7r)NK)

KB gym(E A K)

LU (@(ENK)) + rE(r (5.8)

B gk (o(EN B (x,7) NK)) + 5 (r)
k

— HH(p(ENK)) + ().

Since ¢(E) is a competitor of E in K, 5.8 shows that E = EN B (x,r) is almost
minimal in B (x, r) for the gauge function ¢. O
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We now show a useful equivalent form of the inequality 5.6.

Proposition 5.6 Let N > 2,1 < k < N and Q C RN*! be an open subset. Let
E C Q be relatively closed and H-rectifiable. Then E is almost minimal in Q) of
dimension k for gauge function ¢ if and only if for every compact set K C Q) with
diameter diam (K) = r and every competitor F for E in K it holds that:

HN(E\ F) < HN(F\ E) + &(r)r*. (5.9)

In order to prove this proposition, we will need one lemma from point-set
topology, one from classical analysis, and one from measure theory.

Lemma 5.7 Let N > 1and U C RN be an open subset. If C C U is compact then
there exists a compact subset D C U such that C C D° C D.

Proof For every x € C, since x € U is open we can choose closed ball
B(x,7y) C U for some radius 7y > 0 (just choose a open ball around x
contained in U and the a closed ball of smaller radius). Then {B (x,7y) }xec
is an open cover of C. By the compactness of C there is a finite subset
S C C such that C C Uyes B (x,7y). Now set D := Uyeg B (x, 7). Then, by

construction, D C U is compact with C C D° C D. O

Lemma 5.8 Let U C RN be an open set and C C U be a compact set. Then there
exists a smooth function ¥ : RN — R such that

(i) 0 < ¢(x) <1forall x € RN,
(ii) P(x) =1 forall x € C.
(iii) P(x) =0 forall x € RN\ U.

Lemma 5.9 Let y be a Radon measure of RN, U C RN be an open set, and
C C U compact. For every € > 0 there exists a compact set D C U such that
CC Dg C Dgand u(D:\ C) < &.

Proof For every t > 0 define
D; = {x € RN | d(x,C) < t}. (5.10)

By the compactness of C we have that d(-, C) is a continuous function on RN
and so Dy is compact for all ¢ > 0. Clearly, we have C = {x € RN | d(x,C) =
0} € Dy for all t > 0 and C = N~ D;. So it follows that:

lim p(Dy) = u(C). (5.11)

In particular, we can choose ¢y > 0 such that y(Dy, \ C) < e. Now set D, =
D, NU. Then by the above, we have D, C U compact with C C D7 C D,
and u(D.\ C) < e. O
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This enables us now to prove the proposition 5.6.

Proof (Proposition 5.6) Fix K C () be a compact set with diam (K) = r and
let F = ¢(E) be a competitor for E in (), that is ¢ : RNT! — RN*l is a
Lipschitz continuous function with Lipschitz constant C > 0 such that

p(x) =x, VxcRNTI\K (5.12)
¢(K) C K. (5.13)

Also, define W := {x € RN*! | ¢(x) # x}. Then, by the definition of the
competitor, we have W C K.

Assume now first that competitor F = ¢(E) for E in K satisfies 5.9. Set now
first E; := ENK and E; := E \ K. Then we have by assumption:

HN(E1) = HN(Ey N F) + HX(E1 \ F)

E.CE
< HYE,NF)+HKE\F) (5.14)

5.9
< HN(Ey N E) 4+ HY(F\ E) + &(r)r*.

Since W C K, we have ENW C E;. This implies that on E; we have ¢(x) = x
and thus E; = ¢(E;) C F. Now observe that:

F = ¢(E) = ¢(E1) U ¢(E2), (5.15)
and consequently
EiNF =EiNg(E)Ug(E)]

= [E1 N ¢(E1)] U [E; N Ey] (5.16)
= E1 N q)(El)

Similarly, we find that:
F\E = [p(E1) Ug(E)] \ E
= [¢(E1) \ E]U [E2 \ E] (5.17)
= ¢(E1) \ E.
Putting 5.14, 5.16 and 5.17 together we find:
HN(ENK) = HY(Ey)
5.14 L .
< HYELNF) +HF\E) +&(r)r

5.16 and 5.17 Hk(El N §0(E1>) + ’}-[k((p(El) \ E) + C(V)rk (5.18)

(B N p(B1)) + HE (9(E1) \ Er) + E(r)r*
= H (p(E1)) + &(r)r*
= H(p(ENK)) +&(r)r~.
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This shows that if 5.9 holds for all competitors of E, then E is almost minimal
in Q) of dimension k for the gauge function ¢.

Conversely, suppose that E is almost minimal in () of dimension k for the
gauge function ¢. By Lemma 5.7 we can choose a compact subset B C ()
such that W C K C B° C B with diam (B) = ¢. By Lemma 5.8 we can choose
a smooth function ¢ : RN*! — R such that

0<y(x) <1, VxeRNH! (5.19)
P(x) =1, VxeK (5.20)
¥(x) =0, Vxe RN\ B, (5.21)

Now for every h € IN define the Lipschitz continuous function ¢ : RN*! —
RN+1 by

Pn(x) = @(x) +enplg(x))o, (522)
where (g,)en is @ monotone decreasing sequence of positive real numbers

with limy_, €, = 0, and v € 9B (0,1) a unit vector. Note that the Lipschitz
continuous functions ¢; have the following properties:

e For every x € RN*1\ B we have ¢, (x) = x as ¢(x) = x outside of K
and K C B and ¢(x) = 0 outside of B.

e For all x € RNt we find that:
[@n(x) — @(x)[| = l[enp(@(x))v]| < & (5.23)

* We can choose hy € IN such that for all i > hy it holds that ¢,(B) C B.
Indeed, let x € B. Since ¢(K) C K and ¢(x) = x outside of K
we have that ¢(x) € B. By continuity we have if ¢(x) € 9B that
P(¢(x)) = 0 and so ¢,(x) = ¢(x) € B. By Lemma 5.7 and compact-
ness of ¢(B) C B there is open set V C B such that ¢(B) C V. Choose
now open balls B (¢(x),ry) C V about ¢(x) for every x € B. By com-
pactness of ¢(B) there are finitely many elements xy,--- ,xy € B such
that ¢(B) C U, B (@(x;),ry,). Since ¢, "2 0and V C B is open,
for every i = 1,--- £ we can choose h; € N such that B (¢(x;),7x,) C
¢n(B (@(xi),ry;)) C V for all h > h;. Now set hy = max;_1 ... ¢/ h;. Then
as claimed for every h > hy we have ¢, (B) C B.

This shows that for every h > hy, we have that ¢, (E) is a competitor for E
in B and so we have:

HY(EN B) < HX (g (ENB)) + &(8)6*. (5.24)

Now, in analogy to W define W, := {x € RN*! | ¢,(x) # x} for every
h € N. Alsoset A =B\ Kand E; = ENK and E; = E\ B. We now make
the following observations:
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e For all x € E; we have ¢(x) = x as x ¢ Kand (¢(x)) = 0as x ¢ B.
Therefore, ¢;(x) = x.

e Itis ¢(E;) C K, as E; C Kand ¢(K) C K.

e Consequently, we must have ¢;,(E;) C B for all h > hy, as K C B.
e In particular, ¢;(E;) and E; = ¢y (Ez) are disjoint.

¢ Furthermore, Wj, and E; are disjoint by definition of Wj,.

e For all h > hy and x € E; we then find:

on(x) — ¢(x) = entp(p(x))o
o(x)eK (5.25)
=  &,0.
This shows that ¢;, — ¢ is constant on E; for all i > hy.
Now for any € IN we claim that
Ex\Wy CZy={x € E1 [0 < |lo(x) — x| < e} (5.26)

Indeed, let x € E;\ Z;. If ¢(x) = x, then as ¢(x) € K, it follows that
¢r(x) = x 4+ €,v # x, that is, x € Wj,. On the other hand if ||¢(x) — x| > ¢y,
then by the reverse triangle inequality we find

lgn(x) = x[| = [lx = @(x) | = l[@n(x) = @(x)]]
523 (5.27)
> e, —ée, =0.

Again, we have x € Wj,. This shows that Wy C E; \ Z;. Therefore, E; \ Wy C
Zx, showing 5.26.
Using 5.24, 5.25 and 5.26 we can now show for every h > hy:

H (E1) = HNEy W) + HE(E\ W)
5.26
< HYENB) + 1 (z,)
5.24 k k k
< H(en(ENB)) +H(Zy) +¢(r)r (5.28)
= U (@(EN (KU A))) + HE(Z,) + E(r)k
< HX(@n(Er)) + HE (@n(EN A)) + H (2),) + £(6)0*
2 H (p(Er)) + HE (pn(E N A)) + HE(Zy) + E(8)8".

Observe now that since E; = E\ B C E and ¢(E;) = E; we have E; C ¢(E),
we have if x € E \ ¢(E), then in particular x ¢ E; and so x € B. This shows
that E\ ¢(E) = (ENB) \ ¢(E) and so:

HK(E\ ¢(E)) = H*(ENB) — H*(EN ¢(E) N B). (5.29)
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Similarly, we have ¢(E) \ E D (¢(E) N B) \ E and therefore:
H(@(E)\ E) > H*(¢(E) N B) — HX(EN @(E) N B). (5.30)
Recall now that F = ¢(E) and set:
A= HY(E\ F) — H"(F\E). (5.31)
With 5.29 and 5.30 we have just shown that:

A <HMENB)—HYEN@(E)NB) — H(p(E) N B) + H*(EN ¢(E) N B)
= HY(ENB) + H*(p(E) N B).
(5.32)

Because of 5.28 and since ¢(E;) C ¢(E) N B:

A2 HM(EN B) + HE(@(E) N B)

< HYENB) — H(9(E1))
H(EyU(EN A)) — HK(p(E1)) (5.33)
= H (E) + HYEN A) — HN(p(E))

5.28
< HNENA) +HK (@n(EN A)) + HE (Zy,) + E(6)d".

Note that for every i € IN we can write ¢, = Lj o ¢, where L;, : RNT! —
RN is the function defined by:

Ly(x) = x + e, (x)o. (5.34)

Then L; is Lipschitz. Indeed, since ¢ is smooth, for any x,y € RN*1, by the
mean value theorem, we can find ¢ € [0,1] such that for z = (1 — t)x + ty it
holds that:

lp(x) =9I = IVeE)IHx =yl (5.35)

Since ¥ is compactly supported, its gradient vector field Vi is bounded (as
V1 is continuous on the support of 1), so we find for all x,yy € RN*1:

[p(x) =9yl < ( sup IIVlP(Z)H) [Jx =yl (5.36)
z€RN+1
Since limy,_,, £, = 0 we can choose ¢y € IN such that for all & > ¢ it holds
that:
6 ( sup uw<z>u) <1 (537)
zeRN+1
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Then for all i > ¢y we have that:
[1Ln(x) = Lu@)[| < [[x —yll +en lp(x) — @)

< [lx =yl +en ( sup HVIP(Z)H) lx—yl (538

zeRN+1

<2x—yl-

So for all h > {y, Ly is Lipschitz continuous with Lipschitz constant 2. Let
now C, = 2C™. C, is a constant only depending on ¢ and m such that for
all k > ¢y by Proposition 2.51 (iv) we have the following;:

H (pn(ENA)) < CoHNEN A). (5.39)
For all & > max{ho, £y}, it then follows by 5.33 and 5.39 that:
A < (14 Co)HNENA) +H (2)) + &(6)d". (5.40)

Since ¢ is a monotone decreasing sequence converging to 0 we have that
limy, o, H¥(Z},). So let 7 > 0. Then we can choose by Lemma 5.9 a compact
subset B, C Q such that K C By, diam (B,) < diam (K) +# = r+7 and

u(B; \ K) < 2(%%). By choosing in the above B = B, i.e. A = B, \ K, and

choosing 19 € IN such that for all i > ny we have #*(Z,) < %, and noting
that ¢ is non-decreasing, we get by 5.40 that for all & > max{ho, £y, no }:

A < (14 Co)H (ENA) +HNZy) +&(r+ 1) (r + 1)

§a+cw%11qﬂ+2+60+w0+nf (5.41)

=q+&r+m)(r+n

By continuity of the gauge function ¢ we find if we take 7 — 0 in 5.41 that
A < &(r)rk, which proves that:

HN(E\ F) < HN(F\ E) + &(r)r". (5.42)

Next, we will prove that the (M, 0, c0)-minimal sets are actually minimal
and reduced in the sense of Definition 5.4. The proof will be quite similar to
the proof of Proposition 5.6.

Proposition 5.10 Let N > 2,1 <k < N, T C RN*! pe closed, O = RN\ T.
If a relatively closed and HE-rectifiable subset E C Q) is (M, 0, co)-minimal in Q) of
dimension k, then E is reduced minimal in () of dimension k, i.e., reduced almost
minimal in Q) of dimension k for the gauge function ¢ = 0.
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Proof Let E C Q) be relatively closed and H*-rectifiable and assume that it
is (M, 0, 00)-minimal in Q) of dimension k. As E is (M, 0, co)-minimal in Q) of
dimension k, it follows that E = supp(HFLE)\T. Let x € E and r > 0. Then
x € supp(HFL E) and as B (x,r) is an open neighborhood of x, it follows
that H¥(B (x,7)) > 0. Since x € E and r > 0 were arbitrary, we find that E is
a reduced set.

Now we show that any competitor for E satisfies 5.9. Then by Proposition
5.6, we have E reduced minimal in ) of dimension k as in Definition 5.4.
Let K C Q) be compact with diam (K) = r and let ¢ : RNt — RN*! be
Lipschitz continuous such that:

p(x) =x, Vxe RN\ K (5.43)
o(K) C K. (5.44)

Then F = ¢(E) is a competitor for E in K. Let # > 0. Then in Lemma 5.9
we can choose a compact set B C Q) such that K C B° C Band HX(EN A) <
1, where A = B\ K. By Lemma 5.8 we can choose a smooth function
¢ : RN*!1 — R such that ¢|x = 1 and ¢[gn+15 = 0. Now for monotone
decreasing sequence (), With limy,_,. e, = 0 and v € 9B (0,1) define
the Lipschitz continuous functions ¢y : RN*! — RN*! ag in 5.22 in the
proof of Proposition 5.6. Define now W;, = {x € RN*! | ¢,(x) # x}.
Choose now some § > diam (B). Note that by the same logic as in the
proof of Proposition 5.6, we can choose hy € IN such that for all h > hy
we have ¢x(B) C B. As W, C B we have W, U ¢;,(W,,) C B for all i > hy.
That shows by the compactness of B C Q, that d(W;, U ¢;,(W,),I') > 0 and
diam (W, U ¢, (Wy,)) < 6. That is, for all h > hg the Lipschitz continuous
function ¢y, satisfies the conditions set forth by Definition 5.3 of (M,0,¢)-
minimality in (). So we know that ¢, satisfies 5.5 for the gauge function
¢ =0andall h > hg:

HHNENW,) < HE(@n(ENW,)). (5.45)
Define now E; = ENK and E; = E\ B. We recall, that as in proof of

Proposition 5.6, that the following properties are satisfied by ¢, for all h >
]’lo:

¢n(E2) = E2 (5.46)
¢(E1) C K (5.47)
on(E1) CKCB (5.48)
¢n(E1) NE, =@ (5.49)
W, NE; = @. (5.50)

In particular, by 5.47 and 5.48, it follows that ¢;, — ¢ is constant on E; for all
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h > hgy and therefore for all i > hy:

He (pn(EN W) "= HE (@u(ENBNW,))
= H (gn(Ex NW) U gp(EN AN W) (5.51)
< H (pu(E1)) + H (@u(EN A))

Defining Z;, := {x € E1 | 0 < ||¢(x) — x|| < &,} we have (as shown in proof
of Proposition 5.6) that E; \ W), C Z;, and so we find that for all 1 > hy:

HN(Er) = HY(E1 n W) + H5 (B \ Wy)
< HNE N Wy) + HE(Z)) (5.52)
2 HE (pu(E1)) + HE(pu(EN A)) + HE(Z).

Now, we note as in proof of Proposition 5.6 that E \ ¢(E) = (ENB) \ ¢(E)
and ¢(E) \ E D (¢(E) N B) \ B and hence:

HN(E\ @(E)) = H(ENB) — H*(EN BN ¢(E)) (5.53)
H*(9(E)\ E) > H*(¢(E) N B) — HX(EN BN ¢(E)). (5.54)

For F = ¢(E) consider A = H¥(E\ F) — H*(F \ E). With 5.53 and 5.54 we
have just shown that:

A < HY(ENB) —H*(p(E) N B). (5.55)

Note that since ¢(E;) C K we have ¢(E;) C ¢(E) N B. Using 5.52 and 5.55
we find that for all & > hy:

AL HY(ENB) — H*(¢(E) N B)
< HY(E) + HEEN A) — HE (o(Ey)) (5.56)

5.52
< HYNENA)+H (@ (ENA)) + HK(Z).

Now, as in proof of Proposition 5.6 we can find a constant C, > 0 only de-
pending on ¢ and k and some ¢y € IN such that #¥(Z;) < 7 and H*(¢,(EN
A)) < CoH™(EN A) for all h > . Then by choice of the compact set B we
have for all 1 > max{hy, £y} it holds that:

A< (1+Cy)HNENA) +HK(Z))
<(1+Cy)n+1 (5.57)
= (2+Cy)n.-

Since C, depends only on ¢ and m we can take in 5.57 the limit 7 — 0 and
obtain A < 0, which shows that competitor F = ¢(E) of E in K satisfies 5.9.
This proves the proposition. U
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Next, we will also show that the reduced boundary of a set of minimal
perimeter in the sense of Definition 4.1 is also minimal in the sense of Defi-
nition 5.4.

Proposition 5.11 Let O C RN*! be a bounded open set, and Eg C RN*! be a
set of locally finite perimeter in RN*1. Suppose E C RN is a set of minimal
perimeter in Q) with respect to Ey. Then 0*E is minimal in Q) of dimension N, that
is, *E N Q) is almost minimal of dimension N with gauge function ¢ = 0.

Proof Set £ = 9*E N Q). By Theorem 3.41 E is HN-rectifiable and clearly is
closed in () as 0*E is defined by a closed condition. Consider now K C ()
be a compact subset and ¢ : RN*! — RN*! be a Lipschitz function such
that ¢(K) C K and ¢(x) = x for all x € RN*1\ K. Then, F = ¢(E) is a

competitor for E in K. Set also F = ¢(E). By Proposition 5.6, it suffices to
show that:

HN(E\ F) < HN(E\ E). (5.58)
We note that since ¢(x) = x outside of K C () we have
F\Q=E\Q=E)\Q. (5.59)

So we have that F is a competitor for perimeter in () of E. That is, by
Theorem 3.41 and since E \ F C E we have the following:

(5.60)

Now consider G = F \ E and note that

G\Q=TF\Q=FE\Q. (5.61)

So G is a competitor for perimeter in () of E. Then we find:

(5.62)

This shows 5.58 and therefore E is minimal in Q of dimension N. O
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5.3 Monotonicity of density

In this section, we shall show that the function

r e (0,d(x, RN*1\ Q) 5 — H*(EN B(x,r))
Wyr

is nondecreasing for x € E and E C () a minimal set. First, we show an
integral version of this fact for almost minimal sets, where we will follow

[2].

Lemma512 [et N > 2,1 < k < Nand Q ¢ RNt pe an open subset. Let
E C Q) be a reduced almost minimal set in Q) of dimension k for the gauge function
& Forany x € Eand 0 < p; < pp < d(x, RN*1\ Q) it holds that:

HY(ENB(x,p1)) < &(202)(202)"
1 / r(y) cos G(y)d’;‘—[k(y), (5.63)
ENA(x,01,02)

02 — P1 k

where A(x,p1,02) = B(x,02) \ B(x,01), r(y) = |ly — x|| and 6(y) € [0, 71/2] is
the smallest angle between the line segment connecting x and y and the approximate
m-tangent space of E at y € E (which by Proposition 2.62 exists almost everywhere,
as E is H-rectifiable).

To prove this, we first show that some radially defined functions are Lips-
chitz continuous.

Lemma 5.13 Let f : [0,00) — R with f(0) = 0 be a Lipschitz function with
Lipschitz constant C > 0. Then for k > 1 the function g : RN — RN defined by

2 X #0,
g(x) = {g’(HxH)” I i: 0 (5.64)
is Lipschitz continuous.
Proof Let x,y € RN. If x =0 or y = 0, then
lg(x) =gl < Cllx =yl (5.65)

So we can assume x,y # 0. Without loss of generality, we assume that
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IIx]| < ||y|l- Then it follows that:

_ yH
X X X + X —
l(x) — s(w)l| = Hf el = £ 2+ £ g = £y
+ X
<1 55 = o]+ e = st
Iyl — 1l + 1]l x — ||x||yH
< Cllx ‘ + Cllx —
C
< o 10l = Iyl =gl + C = )
2 x| }
SC[ + 1] ||x—
T vl
<3C|x—yl.
(5.66)
This shows that gis Lipschitz with Lipschitz constant 3C. ]

Proof (Lemma 5.12) First, note that we may assume that x = 0 up to replac-
ing E by E — x. The idea is now to construct a competitor for E in a compact
subset of Q). Fix 0 < r; < r, such that E(O r2) C Q. Now, define the func-
tion @ : RNT1 — RNt by o(y) = ¢(||y||) my7 for y # 0 and ¢(0) = 0. Here,

P :[0,00) = R is the piecewise linear function defined by:

0, 0<r<mn,
p(r) =2 <r <, (5.67)
7, r > 1.

Note that we have for any r,s > 0, that:

9(s) = 9] < max{ T2 s ) 6.69)

Hence, ¢ is Lipschitz continuous and, by Lemma 5.13, the function ¢ is also
Lipschitz continuous. We note that ¢(y) = y for all y € RN\ B(0,r,).
Consider now y € B(0,772). If ||ly|| < 1, then ¢(y) = 0. Otherwise we have
r1 < |ly|| < r2 and so:

Il = o |

= 9 (lyl)
_ na(lyll = n)

rp,—n
<.

(5.69)
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This shows that ¢(B(0,72)) C B(0,r2). So in fact F = ¢(E) is a competitor
for E in the compact subset B(0,72) C Q. So my almost minimality of E for
gauge function ¢ it follows that:

HN(ENB(0,12)) < HX(@(ENB(0,12))) + &(8)%, (5.70)

for any 6 > 2r».

Now the goal is to evaluate H*(¢(E N B(0,72))). Since B(0,r;) is mapped
to the origin, it suffices to evaluate H*(¢(E N A)) for A = B(0,72) \ B(0,r1),
i.e., we have

H (@(ENB(0,12))) = H(p(EN A)). (5.71)

Now we will use the rectifiability of E. Choose y € E N A such that there
exists the approximate tangent space 71, of E at y. Consider now r(y) = ||y||.
We want to compute the tangential derivative df¢(y) at y. That is for any
w =Y+ v €y + 1, we want to compute d¢(y)w.

* First we consider vectors, that are parallel to y, i.e. in radial direction.
For this, we consider yg = H;/—H For this we note that by definition of ¢

we know that for s > 0 such that syg € A it holds that:

r2(s —11)

pr— (5.72)

@(syo) = P(s)yo =

Hence, df¢(y) acts as follows on yy (and by linearity on any other
vector in radial direction):

]

d 9 () (vo) = -—vo- (5.73)

* Now consider a unit vector v € P, orthogonal to y. Define now the
following quantities for & > 0:

z(h) = hv+r(y)yo (5.74)

s(h) = \/h?+r(y)? (5.75)
_ z(h)

z20(h) = ) (5.76)
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Now we can compute using Definition 2.63 and the continuity of ¢:

dE (y)(0) = lim LU W0+ 110) = 9(r(y)yo)

h—0 h
576 . 9((M)z0(h)) = ¢(r(y)yo)
h—0 h
_ i $6(1)20(h) = 9(r(y))yo
h—0 h
576 .1 1 (5.77)

2 tim & [p(s00) s (o + )0~ 97

—tim SO i TSR ) — g

In the last line we used that s(h) — r(y) as h — 0. So, on vectors
orthogonal to y we have that:

d*o(y)(v) = . (5.78)

These computations show that if 77, is orthogonal to the line segment from

the origin to y, then df¢(y) acts on y + 71, by multiplication with 71[)(;(%) ),

Otherwise, we can consider the orthogonal projection p € P, of the origin

onto 71,. Then using the unit vector w = ﬁ € y + 1y, by definition of

6(y), 6(y) is the angle between the line segment from the origin to y and w,
so that we can write

w = cosB(y)yo +sinb(y)v, (5.79)

for some unit vector v orthogonal to y. By our computations above and the
linearity of d¢(y) we find that:

dEo(y)(w) = —2 cose<y)y0+l”(rr((yy)))sme(y)v. (5.80)

n—n

Now also introduce the quantity:

B(y) = [[dFo(y) ()|

{2 rcoszf’(y)Jr[ll](rr((y]?)rSinZG(y)}%. o8

—n

The next step is to compute the tangential Jacobian J,dE¢(y) of ¢ at y. For
this, using the Gram-Schmidt orthonormalization procedure, we can con-
struct an orthonormal basis wy, - -, wy of y + 71, such that w; = w. We
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know that w is the linear combination of orthogonal unit vectors yo and v,
so it must follow that w; is in particular orthogonal to yo for alli =2,--- k.
So we can compute in this basis the matrix representation of df¢(y) by:

dfp(y)(w), i=1
E 7 7
d?@XM)Z{wmmw Co (5.82)
V(]/) 17 4 7 v
This yields that df¢(y) can be identified by the following matrix:
dp(y) = | dPp(y)(w) Llw, ... LWy, | (589
This allows to compute:
dfo(y) (w)"
ST (r(v)) (r(v))
r r r
dFo(y)'d e (y) = v | dEp(y)(w) LW, ... Ly,
(r(y))
L wdﬁ Wiy
(AW 0 0 ]
¥(r(y)
o [T o 0
0
Yoy
LY o |=
(5.84)

This is a k x k diagonal matrix with diagonal entries B(y)? and k — 1 times

¥(r(y))

2
) } . Using this we can easily compute the Jacobian:

the entry [

Jidfg(y) = \/detdEq(y)*dEq(y)

2(k—1)
e [2e)] 5

el

This is even compatible with the case that Tty is orthogonal to y, as we have

then 6(y) = 5 and therefore B(y) = [%], which exactly yields the

expression 5.85. Since ¢ is bijective on A and because of our computation
we can apply now the area formula 2.100 from Theorem 2.67 for E N A,
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which yields:
HA(@(ENB(0,12)) = Hi(9(EN A))

2201 1dPo(y)aH (y)
ENA

(5.86)

With this result in our pocket, we now can tackle the main problem: Fix
0 < p1 < p2 such that B(0,p2) C Q. Now pick € > 0 small enough such
that for all t € (p1,p2) we have 0 < t —¢ < t and B(0,t) C Q. By applying
inequality 5.70 and equation 5.86 to r; =t — e and r, = t we find for all such
t € (p1,p2) it holds for all 6 > 2t that:

HNENB(0,t —¢)) < HY(ENB(0,t))
S HHE) (pi(ENBO,1) + ()5 587)

k-1
= [ g B )+

Here ¢; : RN*1 — RN*1, 4, : [0,00) — R, B(y) and A; are defined in the
following obvious way:

oi(y) = {wuyu);”, VA0 sy
0, y=0.
0, rel0,t—g¢,
Pi(r) = ==9) e g 4], (5.89)
1, r € [t 00).
Ay = B(0,1) \ B(0,t — ¢) (5.90)

pi = { [ oo+ [20 s} oo

Now we can average the inequality 5.87 over (p1,p2) and get the following
inequality:

HYENB(0,01 —¢)) < I(e) + §(202) (202)", (5.92)

02 — 01

where we have denoted:

_ [ )]
1e) = /pl /yGE:tSSr(y)Slet(y)[ r(y) ] AH ). (5:93)
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By applying Fubini’s theorem we find:

I(e) = E.(y)dH* (y), (5.94)

/yeE:p1s<r(y)<p2

where we defined:

F(y) =

k—1
/ Bi(v) [W(y ))] d.  (59)
te(pr,o2)N[r(y),r(y)+el

Now we bound B;(y) and % We get:

e We start with B;(y):

Pily) = {[’*rcosz@(y) n [tpdr(y))rmze(y)}é

€ r(y)
(;) { [22 cos? O(y) + 1] }2 (5:96)
(%) t

< - Cos 0(y) + 1.

At (x) we used ¢;(r(y)) < r(y) and sin0(y) < 1, and at (**) we
used that for a,b > 0 we have a® + b?> < (a+b)?. So for t € (p1,02) N
[*(y), r(y) + €] it holds that:

Be(y) < - [(r(y) +¢) cosO(y) +¢]. (5.97)

™| =

e Now we bound %8)) First we may assume that ¢ € (0,1) is small
enough such that:

r(sy) < % (5.98)
For t € (p1,p2) N [r(y),r(y) + €] we find then that:
Pi(r(y)) _ tr(y) = (t—¢))
r(y) r(y)e
_ r(ty) r(y) ;HS (5.99)
UL ) -+
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Using the bounds 5.97 and 5.99 we can bound F,(y) as follows since the
integrand in F;(y) is nonnegative:

r(y)+e 7 k=1
< [ e | e

IN

r(y)+81 r cos Irly) +e
/rm L(r(y) + ) cosb(y) + [ 2

>k [(r(y) +¢€) cosO(y) + €] (7(3();; £>k1 /OS o
< r(y) + s)kl P
[(r(y) + €) cos O(y) + €] <1+r(gy)>k1

r(y)
[(r(y) +¢€) cosO(y) + ¢ <1 +2(k — 1)ry)>

k-1
(r(y) —t+ 8)} dt

= R

™| =

o | =

)k (r(5) + €) coslw) +¢]

IN
-
=

< %r(y) cosO(y) + <4 + r(zy)) €.
(5.100)

Weset C =C(y) =4+ r(% > 0. This constant is independent of ¢ and

clearly bounded for y € (p1 —¢,p2). This yields the following bound on
I(e):

1o = [ Rn)dH ()
yEE0 —e<r(y)<p2

5.100
<

(5.101)

1
/ —r(y) cosb(y) + Csd?-[k(y).
yEE:p1—e<r(y)<p2

This finally enables us to prove the lemma:

HY(ENB(0,p1 —¢)) < I(e) +&(2p2) (202)"

02 — P1
5101 1 1 .
< / —r(y) cos0(y) + CedH"(y)
P2 = P1 JyeE:pi—e<r(y)<p2 k
+&(202) (202)".

(5.102)
So by letting ¢ tend to zero, we find that:

HY(ENB(0,p1)) < £(202)(202)"

5.103
n 1 / Md%k(y)_ ( )
P2 = P1 JEnA,01.00) k

1We have for x < % and h € N that (1+x)" <1+ 2hx.
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This result enables us to prove the monotonicity result for reduced minimal
sets.

Proposition 5.14 Let N > 2,1 <k < Nand Q) C RN pe an open subset. Let
E be a reduced minimal set in () of dimension k (i.e. E is a reduced almost minimal
set in Q) of dimension k for gauge function { = 0). Then for every x € () the
function

O(E,x)(-) : 7 € (0,d(x, RN\ Q) = w ' *HN(ENB(x,7)), (5.104)

is nondecreasing.

For this proof, we will extensively make use of the Lebesgue-Besicovitch
differentiation theorem for Radon measure (see Theorem 2.43). But first we
show the following small lemma for absolutely continuous measures with
respect to the Lebesgue measure on R, which can be thought of as a special
version of the fundamental theorem of calculus for the Radon-Nikodym
derivative.

Lemma 5.15 Let u be a measure on IR, which is absolutely continuous with respect

to the Lebesgue measure A on R, with Radon-Nikodym derivative g = S—K. Suppose
that there are a < b and a differentiable function f : (a,b) — R such that f'(t) =
g(t) for A-ae. t € (a,b). Then for any smooth function ¢ : (a,b) — R and
a < c <d <bitholds that:

d d
p(d)f(d) — p(c)f(c) = / p(t)dp(t) + / J(DF(Hd.  (5.105)
Proof Let ¢ : (a,b) — R be smooth and 2 < ¢ < d < b and set

d ot
I::/C /C @' (s)dsdp(t). (5.106)

By the fundamental theorem of calculus we get that:

1= [ [ oasauty
d

— [ o) - p(s))an(t)

cd ;

= [ otdut +9(0) [ share 6:107)
Cd Cd

- / p(1)du(t) + 9(c) / £(dt

d
_ / e()dpu(t) + @(o)[f(d) — f(c)].
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On the other hand by an application of Fubini’s theorem we find that:

1= [ [ oopasaucy
= /Cd /sd @' (s)dutds
d

p p (5.108)
/W@/ﬂwm
/¢ SO
~ F@lo@) ~ 9te)) - [ 91515
Putting 5.107 and 5.108 together we find that
[ otanty + [ Or0a= 1+ 9151 ~ el
+(f(@d)]e(d) = ()] = 1)
— 9(O)f(d) — (c) (0 -
+o(d)f(d) — o(c)f(d)
= ¢(d)f(d) = ¢(c)f(c)-
This proves the lemma. U

Proof (Proposition 5.14) Let x € Q and R = d(x, RN*1\ Q). By Proposition
2.51 (i) and since H¥(E) < oo by rectifiability of E, it follows that HXL_E
defines a Radon measure on RN*1. Define now the radial projection 7 :
RN*1 — R by 7(y) = ||x — y||. Clearly, 7t is continuous. It is even a proper
map as: If K C R is compact, then it is in particular closed (Heine-Borel).
So, by continuity, it follows that 77~ !(K) is closed in RN*1. Now, we show
that 77!(K) is bounded and therefore compact (Heine-Borel). We note that
for any y € 77~ 1(K), it follows that ||x —y|| € K. Since K is bounded in R,
there is a constant M > 0 such that |a| < M for any a € K. So we must have
|x —y|| <L forany y € 7 1(K). This shows that 7=1(K) C B (x, M). So
7~1(K) is bounded in RN*1. By Lemma 2.31, it follows that v := 7r4(H L E)
is a Radon measure on R. Since [0, R) is a Borel set and

v([0,R)) = H¥(ENB(x,R)) < oo, (5.110)

it follows that # = vL_ [0, R) is a Radon measure on R with y(A) = 0 for all
A C Rwith ANJ[0,R) = @. We also note that for r € [0,R) and h > 0 such
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that (r —h,r +h) C [0,R) we find that:
7Y (r—hr4+h)N[0,R)) =B (x,r+h)\ B(x,r—h). (5.111)
Now define the function f : [0, R) — [0, %) by
f(r)=HYENB(x,r)). (5.112)

Let A = L! be the Lebesgue measure on R. Since A and u are both Radon
measures on R, we know by Theorem 2.43, that the density ¢ = % of
y is defines A-a.e. on R. In particular, g(r) for A-a.e. v € [0,r). By the
observation 5.111 we have for A-a.e. r € [0,r) that in the following all the
limits exist:

8() = 5

265 . u((r—h,r+h))
= = h)

A((ab))=b—a lim u((r—h,r+h))
h—0+ 2h
~ lim HYNENTY((r—h,r+h)N[0O,R))
h—0* 2h (5 113)
hemall . HYNENTY((r —h,r+h)) '
h—0+ 2h
5111, HNEN (B (x,r+h)\ B(x,r—h))
h—0+ 2h
:1m1HWEmB@m+h»—HWEmB@m—h»
h—0+ 2h
o SR g h)
h—0+ 2h

The calculation 5.113 shows that f is differentiable A-almost everywhere on
(0,R) and it holds f'(r) = g(r) for A-a.e. r € (0,R). Since E is reduced
minimal, i.e. almost minimal for gauge function { = 0, and B(0,r) C Q for
all¥ € (0,R), we can apply Lemma 5.12to 0 < py =r—h < pp =rforh >0
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small enough to find by bounding cos6(y) < 1:
f(r—t)=HYENB(x,r — 1))
< 1 / V(y) COSO(y) de(y)
ENA(x,r—h,r)

T P21 k

1
< Wk J; o r(y)dH* (y)
ey EN(B(x,r)\B(x,r—h)) (5.114)

25 T HHEN (B (x,)\ B (7~ 1))

_ rHNEN(B(x,1) —HNENB (x,r — h))
ok h
Crf) —fr—h)

k h '

By our computations 5.113 and 5.114 we find by letting / tend to 0:
r r
F0) < 110 = Fs(n). 6.115)

By Theorem 2.43 we know that ¢ = %f, where p“ is the absolutely con-
tinuous part of y with respect to the Lebesgue measure A on R. Since
f'(t) = g(t) for A-a.e. t € (0,R), we can apply Lemma 5.15 for the smooth
function @(t) = t~% on (0, R) to find that forall 0 < a < b < R:

Ok (E, x)(b) — Ok(E, x)(a) = ¢(b)f(b) — ¢(a)f(a)
5105/ p(t)dp(t / ¢’ (t)f(t)dt (5.116)

:/tkdy k/t"1

Now we note that we have A-ae. f/ = ¢ = % and we recall from 5.115,

that by minimality of E we have that kf(t) < tf'(t) for A-a.e. t € (0,R), and

therefore:
b b /
k/ R f(hde < k/ t‘k_lEf’(t)dt

b
- / FRF ()t (5.117)

= /ab tRdus (t).

Putting 5.116 and 5.117 yields:

Ok(E, x)(b) — Ok (E, x)(a) > 0. (5.118)
That is, for all a,b € (0,R) with a < b we have proven O(E, x)(a) <
Ok (E, x)(b). So Or(E, x)(-) is non-decreasing. O
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As a corollary we get the monotonicity result, which we already have proven
in Theorem 4.10.

Corollary 5.16 Let QO C RN*! be a bounded open set and Ey C RN be a set of
locally finite perimeter in RN*1. Suppose E C RN*1 is a set of minimal perimeter
in Q) with respect to Eg and x € Q). Then the function

. IDxe|l (B (x,7))
D (E, x)(-) : v € (0,d(x,00Q)) — EWN (5.119)

is nondecreasing.

Proof By Proposition 5.11 we know that 0*E N () is minimal in Q) of dimen-
sion N. Since E has finite perimeter in ), we find that by Theorem 3.41 for
any r € (0,d(x,00Q))):

_ |IDxell (B(x,1))
wnrN
_ P(E,B(x,1))
=N (5.120)
_ HN(*ENQ)

wnrN

P(E, x)(r)

By Proposition 5.14 we can infer that ®(E, x)(+) is non-decreasing. O

5.4 Minimal Cones

This chapter will introduce cones and how they relate to minimal sets. This
will boil down to considering minimal sets with constant density. We will
follow [5] and [2].

5.4.1 Minimal cones and minimal sets of constant density

First, we nee to come to an agreement, what we mean by cones.

Definition 5.17 Let C C RN. We call C a cone centered at the origin if rC C C
for all ¥ > 0. We call C a cone centered at x € RN if C — x is a cone centered at
the origin.

Remark 5.18 Note that if C C RN is a cone centered at the origin, then for any
y€Candr > 0wehave? € 1C CCandsoy =r’ e rC. SowehaveC = rC
forall r > 0.

We now give a useful characterization of cones with vertex at the origin.
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Lemma 5.19 Let C C RN and define the radial projection onto the unit sphere
ms : RN\ {0} — RN by 7ts(y) = L. Then C is a cone centered at the origin if

~ vl
and only if 0 € C and
L, =5 (ns(y)) CC, VyeC\{0}. (5.121)
Proof Assume first that C is a cone centered at the origin. The for all ¥ > 0

we have rC = C. Lety € C \ {0}. Clearly, 0 € C and we make the following
observation:

L, — RN\ {0 y}
v {Ze VO = 1 5122)

:{zelRN\{O}’EIr>O:z:ry}.

So for any z € L, we find r > 0 such that z = ry € rC = C. This shows that
L,CCforally € C.

Conversely, assume that 5.121 holds. Letr > 0 and y € C. If y = 0, then
ry =0 =y € C. So, assume that y # 0. Note that by observation 5.122 we
have ry € Ly,. And as L, C C by assumption, we have ry € C. This shows
that C C C and, thus, C is a cone with vertex at the origin. O

We now make the observation that any cone has constant density.

Proposition 5.20 Let C C RN*1 be a cone centered at x € RN+ and 1 < k < N.
The function @y (E,x)(-) : r € (0,00) > - H¥(C N B (x,7)) is constant.
Wy

Proof Note that we have that for all r € (0, o) it holds:
HK(CNB(x,r) = H((C—x)NB(0,r)). (5.123)

Then, since C — x is a cone centered at the origin, we find for all r € (0, o)
that:
O(E, x)(r) = wk_lr_ka(C NB(x,1))
B o kR (€ — x) N B (0, 7))
(r ( x)N r B (0,7))
:wk HE(C—x)NB(0,1))
= wk HK(CNB(x (x,1))
= O(E, x)(1).

= (5.124)

This shows that O (E, x)(r) = Ok(E, x)(1) for all » € (0,c0), that is, O (E, -)
is constant. U
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Now we turn our attention to minimal sets with constant 2-dimensional
density. By that we mean minimal sets E in open set () of dimension k such
that the function for some x € Q) and R = d(x, RN*1\ Q):

O(E,¥)() : 7 € (0,R) s —— HN(ENB (x,7)) (5.125)
wyr

is constant on some interval (a,b) C (0, R). We will show that such minimal
sets coincide locally with a cone. This will follow the result given in [2].

Theorem 5.21 Let N > 2,1 < k < N and Q C RNt pe an open subset.
Let E C Q) be a reduced minimal set in () of dimension k. Let x € Q) and set
R = d(x, RN\ Q). Suppose there are 0 < a < b < R and some 8y > 0 such
that

O(E, x)(r) =0, Vre(ab). (5.126)

Then there exists a reduced minimal cone C in RN of dimension k centered at x*
such that: B B
EN[B(x,b)\B(x,a)] =CN[B(x,b)\B(x,a)]. (5.127)

The proof of Theorem 5.21 is based on the following crucial proposition
from [2].

Proposition 5.22 Let N > 2,1 < k < N and () C RN pe an open subset
with 0 € Q. Let E C Q) be a reduced minimal set in Q) of dimension k and
let ts : RN\ {0} — RN*! denote the radial projection onto the unit sphere.
Suppose there are 0 < a < b < R and some ¢y > 0 such that

O(E,0)(r) =98y, Vre (ab). (5.128)

Define A := B(0,b) \ B(0,a) and let y € EN A be a point such that the ap-
proximate m-tangent space to E at y goes through the origin. Then we have
L=Anmng'(ns(y)) C E.

Proof For a proof of Proposition 5.22, see the proof of Proposition 6.11 in
[2]. O
Now we prove Theorem 5.21.

Proof (Theorem 5.21) Without loss of generality, we may assume that x =
0Q). Otherwise, we may replace E with E=E—xand O = Q—x. Then E is
minimal in Q) of dimension m and 0 € Q) such that for all » € (a,b) we have:

O(E,0)(r) = w r *HN(ENB(0,7))
= w ' "HNENB (x,7))
= Ok(E, x)(r)
= tp.

i.e. a minimal set C, that is a cone centered at the x.

(5.129)

2
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So, in fact, we may assume without loss of generality that x = 0 € Q.
Consider now the continuous function 7 : RN*! — R defined by 7(y) =
lly|| and set A := B (0,b) \ B (0,a). Then we first show that:

cosf(y) =1, for H*-almosteveryy € EN A, (5.130)
where 0(y) is the smallest angle between the approximate m-tangent space

of E at y and the line segment from the origin to y. Since 7 is a proper
continuous function we know that, by Lemma 2.31, both v and y defined by

v(D) == / cos O(y)dH () (5.131)
Enn—1(D)
u(D) = HY"En 7 1(D)) (5.132)

for D C (a,b), are Radon measures on (a,b). Note that y is obtained from v
by replacing cos 6(y) by 1 and so we have, in fact, v < u. Now note that for
alla <« < B < b we find that:

p(le, B))

HYENT ([2,B)))
=H"(EN(B(0,8)\ B(0,a)))

HY(ENB(0,B)) — H*(ENB(0,a))
= wk(ﬁ — )190

P k—1
— ook / E-14A(8),
[

(5.133)

where A is the Lebsegue measure on (a,b). Then 5.133 shows that y is
absolutely continuous with respect to the Lebesgue measure A on (a,b). By
definition v is absolutely continuous with respect to the measure y, and so
by the transitivity of being absolutely continuous, we find that v is absolutely
continuous with respect to the Lebesgue measure A on (a,b) also.

Then by Theorem 2.43 for A-almost every r € (a,b) the following limit exists:

2(r) == lim %v([r —tr)

t—0

1

(5.134)
t /EmB(o,r)\B(o,r—t)

cos O(y)dH  (y).

Now apply the integral monotonicity result for almost minimal sets (Lemma
512) for 0 < p1 = r—t < po = r € (a,b) for t small enough to find for
f(r) =HY(ENB(0,r)) that:

flr—t) < kL cos 0(y)dH  (y). (5.135)

/EﬂB(O,r)\B(O,rt)
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So as t — 0 we have that for A-almost every r € (a,b) it hold that:

fr) < £g(r). (5.136)

By the proof of monotonicity for minimal sets (Proposition 5.14) we know
already that for A-almost every r € (a,b) the derivative f'(r) exists and is
the density of x and so we must have:

¢(r) < f'(r), forA-ae.r € (ab), (5.137)

since v < u. Now recall that by assumption 5.126 it holds that f(r) = r"d
for all 7 € (a,b) and hence f'(r) = mr™1%. So in summary it holds for
A-ae. r € (a,b) that:

f(r) < 2g(r)
< )
= %wkkrk_lﬁo
= wir*dy

= f(r).

The calculation 5.138 shows that g(r) = f'(r) for A-a.e. r € (a,b).
Now, since v is absolutely continuous with respect to A, it follows that:

(5.138)

b b
V(@) = [ sare 2 [ Fnane = pa). 6139

Then 5.139 and the definitions 5.131 and 5.132 of y resp. v imply that:

0oL v((a,b)) —u((a,b)) 51312152 /EmA cosO(y) — 1d7—[k(y). (5.140)

So by 5.140 we have cos0(y) = 1 for H*-a.e. y € EN A as claimed. Geomet-
rically, this means that for H*-a.e. y € EN A the approximate tangent space
of E at y goes through the origin, as the angle 6(y) between the approximate
tangent space of E at y and the the segment from the origin to y is H*-a.e.
equal to 0. This is already a strong indication that E N A is conical.
Now consider the radial projection 75 : R"*1\ {0} — 9B (0, 1) onto the unit
sphere defined by 7s(y) = ﬁ Then we claim that

HK (s (ENA)) = 0. (5.141)

Again this would be a strong indication that E N A is conical, as for example
in for N = m = 2 this would just mean that E N A is the disjoint union
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of two planes, which get mapped onto two arcs on the unit sphere in R?,
which are #2mnull sets. By Theorem 2.57 and the rectifiability of E N A
we can find a sequence (I';),, . of k-dimensional C! submanifolds of RN
such that for N := (EN A) \ (Upen T'2) it holds that H¥(N) = 0. Then by
Proposition 2.95 for every y € (EN A) \ N the approximate tangent space
7y of E at y coincides with tangent space T,I';(,) for some k(y) € N. Then

by the result 5.130 proven before, for #*-a.e. y € (EN A)\ N we have that
T,I'y,(y) goes through the origin. A simple computation shows that for HE-ae.
y € (ENA)\N and v € T,T),(,) we have:

v y-v

dres(y)(v) = m — Wy. (5.142)

Since cos0(y) = 1 we find that d7rs(y) has not full rank and so y is a critical
point of 75 on T,). So by Sard’s theorem® we find that H*(7s(EN AN
I'y)) = 0 for all k € N. Then by summing over /1 we get the following;:

H (ms(ENA)) < H(ms(N)) + Y HN(ms(ENANTY))
HhelN (5.143)
=0+0=0.

That is, as claimed, we find that H*(7ts(E N A)).

We will now use Proposition 5.22 to show that there is a cone centered at the
origin that coincides with E in A. Indeed, let E; be the set of pointsy € EN A
such that the approximate tangent space of E at y goes through the origin.
We already know by 5.130 that #*((E N A) \ E;) = 0. In particular, we then
must have that E; is a dense subset of E N A. Define now the cone centered
at the origin through E; by:

C={ry|y€E,r>0}= U ns_l(ns(y)). (5.144)

yEEl

By definition C is a cone centered at the origin. Then on the one hand we
have EN A C E; C C. On the other hand, by Proposition 5.22 we have that
s (ms(y)) NA C Eforall y € Ey. and so CN A C E by closedness of E. So
it follows that ENA = C N A.
Now we show that the cone C is a reduced minimal set in RN*! of dimen-
sion k. We start by showing that C is H*-rectifiable:
Recall that C = {ry | y € E;,r > 0}. Choose now a dense countable sub-
set {7, }nen of [0,00) (e.g., all nonegative rational numbers). Then by the
definition of C we have:

C= U ThEl. (5145)

helN

3See e.g. [18], but in essence it states the following: Let X,Y be finite-dimensional
manifolds and f : Y — Z be smooth. If Z is the set of critical points of f, i.e. the points
x € X where Df(x) has not full rank, then f(Z) has measure 0 in Y.
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Since E; is a dense subset of EN A and EN A is H-rectifiable we find a
sequence { f; : RF — RN*1} of Lipschitz continuous functions such that

HE (El\ U fg(]Rk)) = 0. (5.146)

leIN

Define for every ¢, € N the Lipschitz continuous function g, : RF —
RN by ¢4i(y) = rufe(y). Then, {gr} 4 nene is a countable collection of
Lipschitz continuous functions such that:

HE (C\ U gg,h(nzk)) L g4k ( Une\U U rhff(]Rk)>

(€,h)eN? heN heN leN

— 3k < U (El\ U fé(le>>> (5.147)

helN (€N

< Y rkHk (151\ U fé(IRk)>
helN (eN

5.146
This shows that C is, in fact, H™-rectifiable.
Since E is reduced, C is also reduced. Indeed, fix y € C and r > 0. Because
E is reduced we have and 0 < g < b we have:

0 < HY(ENB(0,a)) < H*(EN B (0,b)). (5.148)
Then we find that:
HK(CNB(y,r)=HCNB(O,r))

= (CmB (ogb))
= (;)ka(CmB(O,b))

r

k k _
> (5) HE(C N (B (0,b)\ B (0,4))) (5.149)

27 (Y A (B(0,0)\ B(0.0)))
_ (;)k(yk(EmB(O,b)) ~HENB(0,0)))
5.;18

This shows that C is reduced.
Finally, we show that C is a minimal set in RN+ of dimension k. For the
sake of contradiction, suppose that C is not minimal in RN, Then there is
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a compact set K C RN*! and a Lipschitz function ¢ : RN*1 — RN*! with
¢(K) C K and ¢(y) = y for all y € RN*1\ K, such that for F = ¢(C) we
have the following:

HK(F\C) < HK(C\ F). (5.150)

We observe that without loss of generality we may assume that K C B (0, 4)
and this will not impact our supposition 5.150. Indeed, we can construct a
competitor for C in a compact set contained in B (0,4), such that 5.150 is still
satisfied, as follows: Since K is bounded in RN*! there is p > 0 such that
K C B(0,p). If p < a, we are done. If p > a, we consider the scaling function

7y € RN Zy e RV, (5.151)
which sends B (0,p) to B (0,4) and also K to the compact set K = 7(K) C
B(0,a). Now we define the Lipschitz function ¢ : RN*! — RN+ by ¢ =
1o @on~t. We observe that:
* ¢(K) =n(e(K)) C n(K) =K.
e For ally € RVN*1\ K we have 77 1(y) € RN*1\ K and since ¢(z) =
for all z € RN*1\ K we find that:
§y) =nler~ W) =n(n"'(y) =v. (5.152)

This shows that F = @(C) is a competitor for C in K. Now we note that,
since C is a cone centered at the origin, 771(C) = C and so F = #(F). Then
we have that C\ F = #(C\ F) and F\ C = (F \ C) and so it follows that by
5.150 that:

a

k
HA(EVC) = (5) 7O
< > HHC\F) (5.153)
K(C\ F).
So we may assume that K C B (0, 4).

Now pick some rg € (a,b) and define the Lipschitz function & : RN*1 —
RN+1 by

0, Iyll < a
hy) = 3 * i a <yl <o (5.154)
y/ ||y|| Z To-

Indeed lety € ENB(0,b). If

We note that H(EN B (0,b)) € CNB(0,b).
=0 € CNB(0,b). If |ly]| € (a,r9) we have

llyl| < a we find that h(y)
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|\h(y)|| € (0,r0) and h(y) = ry for r = zgéMl)WI)l As E coincides with C on

B(0,b) \ B(0,4) and C is a cone, we must have h(y) € C N B(0,b). Finally,
since E coincides with C in B (0,b) \ B (0,a) we find for ||y|| > r that h(y) =
y€CNB(O0,b).

Now, define the Lipschitz continuous function ¢ : RN*! — RN*! by ¢ :=
@ o h and consider the compact set L := B (0,79) C B(0,b). We claim that
G =y¢(ENB(0,b)) is a competitor for EN B (0,b) in L. Indeed, we observe
the following:

* Since h(L) C L (by the computations above), K C B (0,a), ¢(K) C K
and ¢(y) = y outside of K, we find that:

(5.155)

e Since h(y) = y outside of L, ¢(y) = y outside of K and K C L we must
have y(y) =y forally € RN*1\ L.

This shows that G is a competitor for E = EUB (0, b) in L. Since E is minimal
in Q) we know by Proposition 5.5 that EN B (0, b) is minimal in B (0, b). Since
G is a competitor for E we must have that:

HF(E\ G) < HN(G\ E). (5.156)
Now note that:
G =y(E)
= @(CNB(0,b)) (5.157)
C FNB(0,b).

Thus, by 5.156 it follows that:

(5.158)

Now recall that for all » € (a,b) we have H* (EN B (0,7)) = widor* and that

Ccn(B(0,7)\B(0,a)) = EN(B(0,r)\ B(0,a)). (5.159)
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Now consider the sequence r, = a + 2 € (a,b) for h € N with 7, "2 gt
Then we find for all r € (a,b), that:
HE(CN(B(0,7)\B(0,a))) = H*(ENB(0,7)) —H (ENB(0,a))
= H(ENB(0,7)) — Jim HE(ENB(0,1))
— 00

= Wb (r* — lim f)
h—o0

= with(r* — a").
(5.160)

This yields for any r € (a,b) that

H*(CNB(0,r)) =H(CN(B(0,r)\B(0,a))+H(CNB(0,a))

= wibo(r* — a*) + H* (CNB(0,a)). G161)

Now by Proposition 5.20 we know that w, 's*#* (CN B (0,s)) = 1o for all
s > 0 and some constant 79 > 0. Then it follows by 5.161 that for any
r € (a,b)

1y = 9(rF — db) + df 1y = (F — ") = 8 (rF — dF)

(5.162)
— 19 =1

Now consider the sequence s;, = b — %22 € (a,b) with s "Z{° b= We note
that:

HE(CNB(0,b)) = dowyb
= lim H*(CNB(0,s;))
h— o0
= lim HE(ENB(0,s1)) (5.163)
—» 00
=H"(ENB(0,b))
=H*(E).
Hence, by minimality of £ we find that:

. 5.158
H*(CNB(0,b)) =HF(E) < HY(FNB(0,b)). (5.164)

But this is a contradiction to the supposition that H* (F\ C) < H*(C \ F).
Indeed, let F; = FNB(0,b) and F, = F \ B(0,b). Then we have that:

HE(F) = H (FLNC) +HE (F\ C)
<HN(ENC)+HF(F\C) (5.165)
<H"(EENC)+HF(C\F).
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Now we have C = ¢~ }(F) = ¢ 1(F) U ¢~} (F,). Also, we have K C B (0,b)
and therefore ¢~ !(F,) = F, and hence:

FFNC=FNe '(F) (5.166)
C\F=¢ '(F)\F. (5.167)

This yields:

H(FNB(0,0)) < HE (FLNC) +HE (C\ F)
2 g4k (B g (R)) +HE (97 () \ F)
BT (a N qv_l(Fl)) 4k (¢—1(p1) \ pl) (5.168)
=1t (97! (R))
Y HE(CnB(O,b)),

where at (x) we used that ¢ 1(F;) = Cn¢~1(B(0,b)) and since K C ¢! (K)
we have that

,b) \K) U9~ (K) (5.169)
)

So we have shown that #* (FN B (0,b)) < H* (CNB(0,b)), which in fact
contradicts H* (C N B (0,b)) < HF( (0,0)). So C is a reduced minimal
cone in RN*! of dimension k. O

—
D)
ou

Remark 5.23 This again is a nice result, since the reduced boundary set of minimal
perimeter in Q) is locally determined to be a cone, if its density is constant, by
Theorem 5.21.

139






Chapter 6

Final Remarks

In this master thesis, we have delved deeply into the intricate world of ge-
ometric measure theory, specifically focusing on the regularity of sets of
minimal perimeter, i.e. solutions to the following Plateau type problem

inf {P(E,Q)|E\ Q = Ey\ Q}, (6.1)

where Eg C RY has locally finite perimeter in RY.

The journey began with a comprehensive introduction to the essential tools
and concepts in geometric measurement theory, as outlined in Chapter 2.
This foundational knowledge was crucial for appreciating the advanced top-
ics discussed in the following chapters. The rigorous exploration of abstract
measure theory, Radon measures, Sobolev spaces, and Lipschitz functions
provided the necessary backdrop for our investigation into sets of finite
perimeter.

Chapter 3 extended this foundation by delving into functions of bounded
variation and sets of finite perimeter. This chapter was pivotal in under-
standing the structure and properties of these sets, laying the groundwork
for the main results of this thesis. The detailed analysis of isoperimetric
inequalities and the structure of reduced boundaries was instrumental in
setting the stage for the comprehensive studies that followed. This chapter
is also interesting on its own, as it gives us an idea of the structure and reg-
ularity of a broader set of functions and sets arising in many problems in
mathematics and physics. Other areas of application would be more general
plateau type problems with prescribed mean curvature of the form

inf { / g(x)dx + HNl(aE)‘E C ]RN}, (6.2)
E

which has been dealt with for example in [19]. More practical applications
in engineering are the so-called Mumford-Shah image segmentation problem,
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which consists of the following minimization problem:
inf {](K,u)(K cQuecl(Q)\ K)}, (6.3)
where J is the functional

J(K,u) = /Q\K [||Vu||2 +a(u— g)z] dx + BHN "1 (KN Q), (6.4)

where a, > 0 and g € L® (Q, £N). This problem is very much related
to image analysis and faithful reproduction of contours and gray scales in
images; see, e.g., the original paper of Mumford and Shah in [20]. This
shows that functions of bounded variation appear in many different contexts
other than the problem presented in this thesis.

The core of this thesis, presented in Chapter 4, showcased the existence and
regularity results for sets of minimal perimeter. These results are central
to our understanding of the geometric properties of such sets, which offers
comprehensive insights into their behavior and structure. This part gives us
partial regularity of sets of minimal perimeter. There are possible extensions
of this result mentioned in the preceding paragraph.

Building on these results, Chapter 5 introduced the concept of almost-minimal
sets, as defined by David. This chapter placed the findings from Chapter
4 within a broader theoretical framework, highlighting the connections be-
tween minimal perimeter sets and almost minimal sets. This perspective not
only broadened the scope of our study, but also added a new dimension to
the understanding of minimal surfaces. This part, although only scratching
the surface, also leads the way to possible limitations and open problems
relating to the solution to these Plateau-type problems. Most notably, that
even in dimension 2 there seems to be as of yet no complete list for N > 4
of the minimal cones as provided by Jean Taylor in [1] for N = 3.

In conclusion, this thesis has provided a detailed study of the regularity
of minimal surfaces within the framework of sets of minimal perimeter.
The results presented herein should show, for a more simplified example,
the techniques which are applicable to more general problems or geometric
problems arising in various areas of mathematics. I think one of the main
takeaways for me and for the reader from this thesis should be the following:

¢ The powerful tool of the direct method in the calculus of variation is
to show the existence of minimizers of functional, which was the main
theme in Section 4.1. Essentially, this boils down to the following three
steps: Given a functional T : V — R on some Banach space V and
inf,cy T(u) > co we show the existence of a minimizer by

(i) taking a minimizing sequence (u),cn C V of T;



(ii) showing that (uy),c admits a converging subsequence (uy, ), N’
(iii) showing that T is lower-semicontinuous.

(ii) and (iii), which is shown for our problem in Section 3.1 for the
Banach space of functions of bounded variation and the variation on
this space.

¢ The methods of showing (partial) regularity results for Plateau-type
problems, where we first show a monotonicity formula (if possible),
then analyze the local behavior, i.e., analyzing the blow-ups of our set,
and then using the techniques seen in the proof of Theorem 4.16 to
show smoothness in a small neighborhood.

This shows that the themes and techniques used in this thesis can be appli-
cable to geometric problems that arise in other settings.

Finally, I extend my thanks to my thesis advisor, Prof. Dr. Joaquim Serra,
whose input was valuable for the development of this thesis.

143






Bibliography

(1]

2]

3]

J. E. Taylor, “The structure of singularities in soap-bubble-like and
soap-film-like minimal surfaces,” Annals of Mathematics, vol. 103, no. 3,
pp. 489-539, 1976.

G. David, “Holder regularity of two-dimensional almost-minimal sets
in R",” 2008.

L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and
free discontinuity problems. Oxford university press, 2000.

D. Salamon, Measure and integration. Citeseer, 2016.
F. Maggi, Sets of finite perimeter and geometric variational problems: an
introduction to Geometric Measure Theory. No. 135, Cambridge University

Press, 2012.

W. Rudin, Real and complex analysis, 3rd ed. USA: McGraw-Hill, Inc.,
1987.

V. Maz’ya, Sobolev spaces. Springer, 2013.

L. Simon et al., “Lectures on geometric measure theory,” Centre for
Mathematical Analysis, Australian National University Canberra, 1984.

E. Giusti and G. H. Williams, Minimal surfaces and functions of bounded
variation, vol. 80. Springer, 1984.

[10] C. Mooney, “Minimal surfaces,” Unpublished lecture notes, 2021.

[11] L. Ambrosio, E. Paolini, et al., “Partial regularity for quasi minimizers

of perimeter,” Ricerche di Matematica, vol. 48, pp. 167-186, 1999.

145



BIBLIOGRAPHY

146

[12] A. Farah, Proving the Regularity of the Reduced Boundary of Perimeter Min-
imizing Sets with the De Giorgi Lemma. PhD thesis, 2020.

[13] M. Cozzi and A. Figalli, “Regularity theory for local and nonlocal mini-
mal surfaces: an overview, nonlocal and nonlinear diffusions and inter-
actions: new methods and directions, 117-158,” Lecture Notes in Math,
vol. 2186.

[14] ]J. Simons, “Minimal varieties in riemannian manifolds,” Annals of Math-
ematics, pp. 62-105, 1968.

[15] S.Rigot, “Uniform partial regularity of quasi minimizers for the perime-
ter,” Calculus of Variations and Partial Differential Equations, vol. 10, no. 4,
pp- 389406, 2000.

[16] F. J. Almgren Jr, “Existence and regularity almost everywhere of solu-
tions to elliptic variational problems with constraints,” 1975.

[17] C. D. Lellis, F. Ghiraldin, and F. Maggi, “A direct approach to plateau’s
problem,” 2014.

[18] S. Lang, Differential manifolds, vol. 212. Springer, 1972.

[19] U. Massari and M. Miranda, Minimal surfaces of codimension one. Elsevier,
2000.

[20] D. B. Mumford and J. Shah, “Optimal approximations by piecewise
smooth functions and associated variational problems,” Communica-
tions on pure and applied mathematics, 1989.



	Notation
	Contents
	Introduction
	Geometric measure theory
	Abstract measure theory
	Radon measures and operations on measures

	Geometric measure theory
	Convolution
	Sobolev spaces and Lipschitz functions
	Lebesgue-Besicovitch differentiation theorem
	Tangent measures
	Hausdorff measures
	Rectifiable sets
	Approximate tangent space and tangential differentiability
	Area formula
	Coarea formula


	Functions of Bounded Variation and Sets of Finite Perimeter
	The space of functions of bounded variation
	Extension domain

	Sets of finite perimeter
	Isoperimetric inequalities
	The reduced boundary and the structure of sets of finite perimeter

	Approximate continuity and differentiability
	The trace of functions of bounded variation
	Boundary trace theorem


	Minimal variation and perimeter
	Existence and compactness results
	Uniform density estimates
	Monotonicity formula
	Cones of locally finite perimeter

	Singular sets and blowup limits of sets of minimal perimeter
	Partial regularity of sets of minimal perimeter
	Quasi-minimizer of perimeter

	Almost minimal sets and the Plateau problem
	Plateau's problem for spanning sets
	Almgren minimal sets

	Minimal sets
	Monotonicity of density
	Minimal Cones
	Minimal cones and minimal sets of constant density


	Final Remarks
	Bibliography

